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Abstract

Contact structures are simplified models of RNA molecules, proteins,
and other biopolymer three-dimensional structures. In this paper we
study several algebraic representations of biomolecular contact structures
and some metrics on sets of contact structures of a given length derived
from these representations. We take the opportunity to recall a few prob-
lems that remain open in this field of research.
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1 Introduction

A biopolymer can always be viewed as an oriented chain of monomers, which
in its turn can be mathematically described as a word over a suitable alphabet.
This word is called the primary structure of the molecule. For instance, an RNA
molecule is a chain of (ribo)nucleotides, each one of them characterized by the
base attached to it: adenine (A), cytosine (C), guanine (G), or uracil (U). Thus,
the primary structure of an RNA molecule with n nucleotides is a word of length
n over {A,C,G,U}. In a similar way, proteins are chains of aminoacids, and
hence the primary structure of a protein is a word over a 20-letter alphabet, for
instance

{A7 C’ D’ E7 F7 G7 H7 ‘[7 K’ L7 M7 N7 P’ Q) R7 S7 T7 ‘/7 W Y}7

each letter representing an aminoacid: A for Alanine, C' for Cysteine, D for
Aspartic acid, etcetera.

In the cell and in vitro, each RNA molecule and protein folds into a three-
dimensional structure that determines its biochemical function. As different
levels of graining are suitable for different problems [17, 20], we can sometimes
forget about the detailed description of this three-dimensional structure and



consider only a simplified model of it, called its contact structure: the set of all
pairs of non-consecutive monomers that are, in some specific sense, neighbors
in the three-dimensional structure. Such a contact structure can be mathemati-
cally described as an undirected graph without multiple edges or self-loops, with
sets of nodes representing the monomers numbered according to their position
along the molecule’s backbone, and such that there does not exist any edge be-
tween consecutive nodes. The length of such a contact structure is its number
of nodes and its edges are consistently called contacts.

The secondary structures of RNA molecules form a special class of contact
structures. In them, contacts represent the hydrogen bonds between pairs of
bases that hold together the three-dimensional structure. A hydrogen bond can
only form between bases that are at least four positions apart in the chain, but
we shall not take this restriction into account here and we shall only forbid the
existence of hydrogen bonds between consecutive bases. A restriction, called
the unique bonds condition, is added to the definition of RNA secondary struc-
ture: a base can only pair with at most another base. It is usual to impose
a further restriction on RNA secondary structures, by forbidding the existence
of (pseudo)knots, i.e., of contacts that “cross” each other. This restriction has
its origin in the first dynamic programming methods to predict RNA secondary
structures [23, 27], but real RNA structures can contain knots, which are more-
over important structural elements [24].

Unfortunately, beyond RNA secondary structures, the representation of the
neighborhood in three-dimensional structures of RNA molecules and proteins
needs contact structures without unique bonds. The full three-dimensional
structure of an RNA molecule may contain sets of contacts that violate the
unique bonds condition, like base triplets and guanine platforms [1, 15], and
in the three-dimensional structure of a protein, one aminoacid can be spatial
neighbor of several aminoacids [4, 7]. But even in this general case, the neighbor-
hood of pairs of consecutive monomers is not reflected in the contact structure,
because their spatial closeness is understood as a consequence of their position
in the backbone.

An important problem in molecular biology is the comparison of the three-
dimensional structures of RNA and protein molecules, because it is assumed that
a preserved three-dimensional structure corresponds to a preserved function. In
this paper we shall restrict ourselves to the measurement of the similarity of
contact structures of a fixed length, which has an interest in itself. It is used
for instance in the analysis of the ensemble of suboptimal solutions provided
by a given algorithm to the problem of determining the secondary structure of
a given RNA molecule [26, §IX]. It can also be used to compare the output of
different prediction algorithms applied to the same RNA molecule or protein, to
assess their performance (G. Valiente, private communication). This similarity
measurement lies also at the basis of the study of the mapping that assigns to
each RNA molecule or protein the structure it folds into [8, 19]. Finally, the
simultaneous comparison of primary and contact structures of two biomolecules
can be carried out by first finding a global alignment of the primary structures
and then comparing the contact structures, that become of the same length after



adding to each one of them fake, isolated nodes to represent all empty positions
in the alignment; we shall report on it elsewhere. Several metrics on the set of
all contact structures with unique bonds of a given length have been introduced
so far in the literature: for instance, Zuker’s dz [25, 26] and mountain metrics
[16], and distances based on tree and graph edition [10, 16, 21].

In this paper we analyze several metrics based on the representation of con-
tact structures as elements of algebraic structures, or even as algebraic structures
themselves. This line of research was initiated by C. Reidys and P. F. Stadler
in a seminal paper on the algebraic representation of biomolecular structures
[17], where they introduced three abstract metrics on the set of RNA contact
structures of a fixed length derived from their algebraic models and independent
of any notion of graph edition. Reidys and Stadler ended their paper by asking
some relevant questions on their models and metrics, including the extension
of their metrics to arbitrary contact structures. Their work has been recently
revisited by members of our “Computational biology and bioinformatics” group
at the IUNICS, and as a consequence several of their questions have been an-
swered and some other questions have arisen. The main goal of this survey is
to discuss Reidys and Stadler’s models and metrics and their generalization to
contact structures without unique bonds, and to attract the attention of the
reader towards some interesting algebraic problems that remain open in this
field. We also introduce some new ideas on ideal-based representations and
metrics: §§4.1, 4.3 and 4.4 and part of §4.2 are presented here for the first time.

In our view, this is a field where the participation of algebrists could be
invaluable in the development of new representations and metrics that can be
used in the study and comparison of biomolecular contact structures. After all,
and in words of Moulton, Zuker et al, “[...] generally speaking, it is probably
safest to try as many metrics as possible” [16, p. 290].

2 Contact structures

In this section we formalize the notion of a contact structure of a biomolecule and
its refinements as discussed in the Introduction. We also take the opportunity to
introduce some conventions and notations that will be used henceforth, usually
without any further notice.

Let [n] denote from now on the set {1,...,n}, for every positive integer n.

Definition 1 A contact structure of length n is an undirected graph without
multiple edges or self-loops T = ([n], Q), for some n > 1, whose arcs {j, k} € Q,
called contacts, satisfy the following condition:

(i) For every j € [, {7, +1} ¢ Q.
A contact structure T' = ([n], Q) has unique bonds when it satisfies the following
further condition:

(i1) For every i € [n], if {i,j},{i,k} € Q, then j =k.
An RNA secondary structure is a contact structure with unique bonds I' =
([n], Q) that satisfies the following condition:



(ii1) If {i,5},{k, 1} € Q and i < k < j, theni <l < j.
Let C,, and U,, denote, respectively, the sets of all contact structures and of all
contact structures with unique bonds of length n.

As it can be seen, condition (i) translates the impossibility of a contact
between two consecutive bases, condition (ii) translates the unique bonds con-
dition, and condition (iii) forbids the existence of (pseudo)knots.

We shall denote a contact {j, k} by j-k or k-j, without distinction. A node
i € [n] is said to be isolated in I' when it is not involved in any contact. The
empty contact structure of length n is ([n], 0), i.e., the contact structure of length
n with all its nodes isolated.

Given contact structures of the same length 'y = ([n], @1),T'2 = ([n], Q2),
their union and symmetric difference are, respectively, the contact structures

I'huTly = ([n], Q1 UQ2), I'AT, = ([n], Q1AQ2).

Notice that, even if I'y, I's are RNA secondary structures, the contact structures
I'y UTs and I'; AT need not satisfy the unique bonds condition.

From now on, and unless otherwise stated, given any contact structure I" or
I;,1=1,2,..., weshall always denote its set of contacts by @ or @;, respectively.

3 Group-based representations and metrics

3.1 Involution representation and metric

Two of the algebraic models of RNA secondary structures proposed by Reidys
and Stadler [17] were based on the interpretation of a contact as a transposition
of the nodes it pairs. In the model recalled in this subsection, a contact structure
with unique bonds is represented then as the product of these transpositions.

More specifically, let S,, be the symmetric group of permutations of [n], for
every n > 1. Then, Reidys and Stadler associated to every I' = ([n], Q) € U,
the permutation

() = [] G.4) € Sn
i JEQ
where each (7, j) denotes the transposition in S,, defined by i < j.

The unique bonds condition implies that, for every ' € U,,, m(T) is well de-
fined, because all transpositions in the product []; ;¢ (i, j) are pairwise disjoint
and hence they commute with each other, and that it is an involution. They
proved then that the mapping 7 : U, — S, is injective, and they used this
fact to define the following metric, which we shall call henceforth the involution
metric.

Proposition 1 [17, Cor. 1] The mapping din, : Up X U, — R that sends
every (I'1,T2) € L[fl to the least number d;n,(T'1,T2) of transpositions necessary
to represent the permutation 7(T'1)m(T2), is a metric.



An explicit description of this metric was derived in [18]. To recall this
description we need to introduce some notions that will also be used in other
sections.

Given I'1, I’y € U,,, the orbits of their symmetric difference I'y Al's are the
connected components of this graph that have at least two nodes. In other
words, the orbits of 'y ATy are the subsets {i1,i2,...,i,} C [n] with m > 2,
such that

i1-72,02°13, . .+, Im—1-Im € Q1AQ2

and maximal with this property, i.e., such that if there is some other contact in
Q1AQ- involving some element of this subset, this contact can only be iy -4,,.
The unique bonds condition implies that if {41,142, ..., %y} is such an orbit, then
112,13 14, ... belong to one of the sets Q1 or Q2 and is-i3,%4-15, ... belong to
the other one.

We shall say that an orbit is closed if m > 3 and i1-i,, € Q1 U @2, and that
it is open when it is not closed; see Fig. 1. The closed orbits are the non-trivial
cyclic connected components of I'yAl's. The unique bonds condition implies
that the length of a closed orbit is always even (and then at least 4) and all its
nodes have degree exactly 2. As far as the open orbits goes, it is straightforward
to check that an open orbit can have any length (greater than 1) and that all
nodes in it have degree 2 except two of them, which have degree 1.

Figure 1: A closed (a) and an open (b) orbit of length m.

Let ©(T'1,T'2) be the number of closed orbits of T'y AT's.
Proposition 2 [18, Prop. 2] For every I'1,T's € U,
dinv(T'1,T2) = [Q1AQ2| — 20(I'1,T2).

This characterization motivates us to study the behavior of ©(I'y,T's). For
instance, we might ask ourselves what is the probability that, given two contact
structures with unique bonds I';,T'y of a given length n, ©(I'1,T's) = 0 and
hence din, (I'1,T2) = |Q1AQ2|. R. Alberich and J. Mir6 have carried out some
preliminary numerical simulations with randomly generated RNA secondary
structures of large length that show that this probability is high and it decreases
with n, but the question is far from settled.



Open problem 1 To determine the probability distribution of the wvalues of
© on pairs of contact structures with unique bonds (or even RNA secondary
structures) of a given length.

Can we generalize these involution representation and metric to arbitrary
contact structures? A meaningful generalization of the involution representa-
tion using the same definition does not seem easy. Notice that the product of
transpositions defining 7(T") is only well-defined if the transpositions appearing
in it commute with each other. Therefore, this definition does not make sense
for arbitrary contact structures unless some convention is specified on the order
how these transpositions must be composed. And not every such convention
will work if we want the resulting mapping 7 : C,, — S, to be injective. For
instance, a natural convention would be to compose (from right to left) the
transpositions in their lexicographic order:

(L) = (i, j¢) - - - (42, J2) (41, 1)
if
I'= ([n]a {il'jlaiQ'j27 e ait'jt})
with (i1, 71) < (i2,J2) < -+ < (¢, j¢) with respect to the order given by (i,j) <

(k,1) if and only if ¢ < k or i = k and j < [. But then, taking for instance
I'y = ([5],{1-3,1-5,3-5}) and 'y = ([5], {1-5}), we have that

7(T1) = (3,5)(1,5)(1,3) = (1,5) = w(T).

On the positive side, and following Reidys and Stadler’s original definition of
the involution metric, we have that if a suitable, injective mapping 7 : C,, — G is
discovered, for some finite group G, then the mapping d, : C,, X C,, — R sending
every pair of contact structures (I',T”) to the least number of some fixed type
of generators of G necessary to represent 7(I') ™7 (T'), will be a metric on C,.

In all, the following problem remains open:

Open problem 2 To generalize the involution representation and metric to
the whole C,.

We shall propose a possible path leading to the solution of this problem in
§3.3.

3.2 Subgroup representation and metric

In their second representation of RNA secondary structures based on the inter-
pretation of contacts as transpositions, Reidys and Stadler associated to every
I' € U,, the subgroup G(T') of S,, generated by the set of the transpositions
corresponding to the contacts in I':

GI) = {G4) i €@}).

They proved that the mapping I' — G(T') is an embedding of U, into the
set Sub(S,,) of subgroups of S,, and they used this embedding to define the
following metric, which we shall call henceforth the subgroup metric.



Proposition 3 [17, §5.2] The mapping dsgr : Un X U, — R defined by
G(I1) - G(I'2)

I',IT9)=In|——"t—"-—"%
dsgr(T'1, T2) n’G(Fl)ﬂG(FQ)

s a metric.

Such a complicated formula is actually equivalent to a very simple measure:
the cardinal of the symmetric difference of the sets of contacts.

Proposition 4 [18, Prop. 4] For every I'1,T'y € U,,,

dsgr(rla FQ) = (11’1 2)‘Q1AQ2‘

In particular, had Reidys and Stadler used log, instead of In, their definition
of dsgr(I'1,I'2) would coincide with [Q1AQ2].

What about the extension of these subgroup representation and metric to the
whole C,,? Of course, the extension of the subgroup metric, as a multiple of the
cardinal of the symmetric difference of the sets of contacts, is straightforward.
But, is it possible to generalize the subgroup representation to arbitrary contact
structures? Notice that this representation, used mutatis mutandis, does not
work: the extension of the mapping G to C, is no longer injective, as the
following result, whose easy proof we leave to the reader, shows.

Proposition 5 For every I'1,T'y € C,,, G(I'1) = G(T'2) if and only if for every
1-j € 'y there exists a chain of contacts ky-ko, ko ks, ..., km_1-km in Ty with
k1 =1 and k,, = j, and vice versa, for every i-j € I's there is a similar chain
of contacts in I'y going from i to j.

So, for instance, I'y = ([5], {1-3,3-5}) and T's = ([5], {1-5,3-5}) have the same
subgroup representation. Therefore, the extension of the subgroup metric to C,
is no longer a metric: dgg,(I'1,I'2) = 0 does not imply I’y = T's.

On the other hand, Reidys and Stadler’s subgroup representation of contact
structures with unique bonds is framed in a general context, provided by the
following result.

Proposition 6 [17, Thm. 5] For every finite group G, the mapping

D: Sub(G) x Sub(G) — R™*
(H,K) ~ In|(K-H)/(KNH)|

is a metric on the set Sub(G) of its subgroups.

Therefore, any embedding of C,, into the set of subgroups of a finite group
will induce a metric on it from this metric D. In §4.2 we shall use a similar
approach to generalize the subgroup representation and metric on U, to repre-
sentations and metrics on C,, using polynomial ideals instead of permutation
subgroups. Anyway, since they are surely not the only possible generalizations
of the embedding G : U,, — Sub(S,), we still want to propose the following
problem:

Open problem 3 To find other meaningful generalizations of the subgroup rep-
resentation and metric to C,.



3.3 Matrix representation and metric

Reidys and Stadler also used a representation of an RNA secondary structure
as a symmetric and involutive matrix, previously introduced by Magarshak and
his coworkers following a well-established tradition in spectral graph theory [5,
p. 2|, to propose a general method to compare RNA secondary structures. In
this subsection we study an specific metric obtained through this method.
Magarshak et al [11, 14] represented a contact structure with unique bonds
I' = ([n], Q) as an n x n complex symmetric matrix Sp = (8; ;)i j=1,....n, With

1 ifi#jandijeQ
Sij = 1 ifi=jandil¢Q for every |
0 otherwise

It is clear that this matrix Sr encodes the involution 7 (T").

The main feature of these matrices that interested those authors was that
they capture the compatibility of RNA sequences with contact structures. More
specifically, if we represent the primary structure b = by...b, of an RNA
molecule of length n as a vector

1

Tn
by encoding its bases by means of the rule
A—i, C— -1, G— 1, U —i,

then the following key property is satisfied: for every RNA molecule b =
b1by ... b, of length n and for every I' = ([n], Q) € U, if z € C™ is the vector
representing b, then Srox = z if and only if b is Watson-Crick compatible with T,
in the sense that if j -k € @Q, then either {b;,bx} = {A,U} or {b;,b,} = {C,G}.

Returning again to the matrix representation St of contact structures with
unique bonds T', it is easy to check that Sp 1 — Sp for every I' € U,,. This implies
that if we define, for every I'1,I's € U, the transfer matriz Tr, r, = Sr, o St,,
then these matrices satisfy, among other properties, that It, r, o St, = St,,
which motivates the adjective ‘transfer,” and

—1
TFI,FI =1Id, TP2,F1 = (TF17F2) ) TFth = TF27F3 o TF17F2'

These properties led Reidys and Stadler to propose in [17, §3.2] the definition
of metrics on U,, through

(Flv FQ) = ||TF17F2 ”7

where || - || stands for any length function' on the group GL(n,C) of n x n
invertible complex matrices. Taking in particular ||A|| = rank(4A — Id), we
obtain the matriz metric on U,

dmag(T'1,T2) = rank(Tt, r, —Id).

L Actually, they proposed to use a matrix norm || - ||, but it is probably a misprint.



This metric turns out to be equal to the involution metric d;,, defined above.
Proposition 7 [18, Prop. 5] For every I'1,T's € U,,,
dmag (F17 F?) = dinv (Fly F2)

Open problem 4 To investigate other metrics defined on U, through other
length functions on GL(n,C).

Now, although most of the hydrogen bonds in an RNA molecule form be-
tween between A and U and between C' and G, a significant amount of bonds also
form between other pairs of bases. This made Reidys and Stadler ask for a gener-
alization of Magarshak’s matrix representation of contact structures with unique
bonds to allow a more general definition of compatibility between an RNA se-
quence and a contact structure. Our group has recently solved this problem
[3], and our matrix representation of contact structures with unique bonds al-
lows non-Watson-Crick base pairings as well as extended sets of ribonucleotides.
Without entering into details on the codification of the bases, we represented
a contact structure I' = ([n], Q) as a matrix Sp = (s;)i,j=1,....n. € GL(n,Fam)
(where Fam stands for the finite field with 2™ elements, for any m > 2), with

a+1 ifi#Zjandi-jeQ

)0 ifiZjandi-j¢Q
%I T a ifi=7andi-l €@ for some [
1 ifi=jandi-l¢ Q for every [

a being any generator of the cyclic multiplicative group Fom — {0}. These
matrices also satisfy that Sy ' = Sp. If we still define transfer matrices by
means of Tt, r, = Sr, 0 Sr, and we set dpqq(I'1,T'2) = rank(Tr, r, — Id), then
we have the following result.

Proposition 8 [3, Thms. 16, 17] For every I'1,Ts € U,,:
(i) The product of the elements of the main diagonal of Tr, r,is a?l@1AQz]
(”) dmag(rh F2> = dinv(Fla FZ)

So, in this way we obtain again the involution metric (as well as, in some
involved sense, the subgroup metric, provided we take m large enough). This
motivates us to propose the following problem:

Open problem 5 To generalize Magarshak’s matrix representation of contact
structures with unique bonds to arbitrary contact structures. Is it possible to
obtain a generalization that allows to define a metric that extends dpmag, and
hence diny, to Cp ?

In our view, this approach provides a feasible way to generalize the involu-
tion representation (this would be given by the new matrix Sr) and metric to
arbitrary contact structures.



4 Ideal-based representations and metrics

4.1 The general framework

In the previous section, we have surveyed Reidys and Stadler’s metrics for con-
tact structures with unique bonds based on the representation of these contact
structures as elements or subgroups of a group, and we have discussed the pos-
sibility of extending them to arbitrary contact structures. In this subsection we
present a general method to define metrics on C,,, based on the representation
of contact structures as monomial ideals and inspired in Reidys and Stadler’s
subgroup metric. In the next subsections we shall introduce several specific
metrics on contact structures obtained in this way.

Let n be from now on an integer greater than 2. Let M(z1,...,2,), or
simply M (z), denote the set of all monomials in the variables z1,...,z,. As
usual, we shall denote a monomial z{*---zi» € M(z) by 2%, where a stands
for the n-tuple (aq,...,ay). The total degree of such a monomial z2 is the sum
>, a; of the variables’ exponents in it. For every m > 0, let M(z)™ and
M(Z)m be the sets of all monomials in M(z) of total degree m and of total
degree < m, respectively. Recall that

my _ (ntm—1 _(n+m
M) = (") and bl = (7).
Let Fo be the binary field Z/27Z and Fa[xy, ..., x,], or simply Fa[z], the ring
of polynomials in the variables x1, ..., x, with coefficients in Fy. An ideal I of
Fa[z] is monomial when it is generated by a set of monomials. Let Mon(Fa[z])
denote the set of monomial ideals of Fa[z].
For every I € Mon(Fz[z]) and for every m > 0, let

M) =InM(z), MD™ =1nM(@)™, M), =1I0M)nm.

Recall [6, §2.4] that, given a monomial ideal I generated by a set of mono-
mials M, the monomials in M (I) are exactly those that are divisible by some
monomial in M and the polynomials in I are exactly the linear combinations
(with coefficients in Fs) of monomials in M (I). Hilbert’s basis theorem implies
that every monomial ideal I has a unique non-redundant? finite set of monomials
that generate it [6, Ex. 2.4.8]: we shall call it its minimal basis.

Given a monomial ideal I € Mon(Fz[z]), we shall denote by deg(I) the
maximum of the total degrees of monomials in its minimal basis; in particular,

deg({0}) = deg(Fz[z]) = 0. Let
Mon,, (Fa[z]) = {I € Mon(Fs[z]) | deg(I) < m}.

Notice that if & < I, then Mong (Fa[z]) C Mon,; (Fa[z]).
In order to define metrics on C,, reminiscent of Reidys and Stadler’s subgroup
metric, let us introduce a family of mappings

D, : Mon(Fs[z]) x Mon(Fs[z]) — R, m > 1.

2In the sense that no element of it divides any other element of it.

10



defined in the following way. For every n > 3 and m > 1, let
T+ Flaz] — Falz]/(M(2) ™),

be the quotient ring homomorphism modulo the ideal (M (z)(™). For every
I € Mon(F[z]), let

T (1) =T/ (M(2)™) = (I + (M(z)"™))/(M(z)"™)

be its image under 7,,,. Now, for every m > 1, and for every I, J € Mon(Fy[z]),
let

T (1) + T (J)
T (1) N 7 (1)
We have defined D,, in this way just to emphasize its connection, up to a con-
stant factor, with the mapping D that underlies the subgroup metric introduced
in Proposition 6. But, as it happens with the subgroup metric, this D,, has
a simpler expression, which will be the one we shall use in proofs and compu-
tations. Indeed, a proof similar to that of Prop. 5 in [12] proves the following
result.

D (1, J) = log,

Proposition 9 For every m > 1 and for every I, J € Mon(Fz[z]),
Don(1,J) = [M(D) 1 AM(J )]
Now, each D,,, defines a metric on a certain subset of Mon(F3[z]).

Proposition 10 For every m > 1, Dy, is a metric on every Mony (Fa[z]) with
kE<m.

Proof. If I € Mon(Fz[z]) is generated by a set of monomials of total de-
gree lower or equal than m — 1, then this set of generators is contained in
M(I);,—1 and therefore I = (M (I),,—1). This implies that the mapping (where
P(M(z)m—1) stands for the powerset of M(x).,,—1)

Mon,,_1(Fa[z]) — PM(z)m-1)
I — M(I)m,1

is an embedding. Then, since the cardinal of the symmetric difference is a
metric on P(M(z)m—1), it induces a metric on Mon,,_1(Fz[z]) through this
embedding, and hence on every Mong (Fa[z]) with & < m — 1. "

The next proposition provides an alternative description of D,,. It is easily
obtained from Proposition 9 (cf. [12, Cor. 6]) and it is useful in the practical
computation of these mappings D,,. In it, and for every ideal I € Mon(F[z]),
H; : N — N denotes the mapping defined by

Hi(m) = |M@)m —MI)m|, meN;

i.e., Hr(m) is the number of monomials of total degree < m that do not belong
to I. This mapping is called the (affine) Hilbert function of I and it can be
computed explicitly from any given finite set of monomial generators of I.

11



Proposition 11 For every m > 1 and for every I, J € Mon(Fz[z]),
Dm(I,J) =H1(m—1)—|—HJ(m— 1) —2HI+J(m— 1)

Several freely available computer algebra systems like, for instance, Co-
CoA [2] or Macaulay [9], compute Hilbert functions. Therefore, this description
of D,,(I,J) provides a simple way to compute its value using one of these sys-
tems.

A monomial ideal I is radical when all monomials in its minimal basis are
square-free. For every m > 1, let RMon,, (F2[z]) denote the set of radical ideals
in Mon,, (Fa[z]) — {F2[z]}, i.e., excluding the total ideal. For non-total radical
monomial ideals we can use a ‘smaller’ metric.

Proposition 12 For every m > 2 and for every I, J € Mon(Fa[z]), let
Don(I,J) = Dy(I,J) = Dypr (1, ) = [M(I) ™D AM ()= D),
Then, Dy, is a metric on the set RMong (Fa[z]) for every k < m.

Proof. Let I,J be two different ideals in RMon,,, 1 (Fz[z]) and assume that I
is not contained into J. Then, there exists an element < of the minimal basis
of I that does not belong to .J. Let 22 be a monomial of total degree m — 1
obtained from z2 by increasing the exponent of one of the variables appearing
explicitly in it by m — 1 minus the total degree of % (every such z% has some
variable, because I # Fy[z] by assumption). Then, 22 € M(I)™~ 1, because
it is a multiple of an element of the minimal basis of I, but 22 ¢ M(J)(m=1),
because if it were divisible by some monomial in the minimal basis of J, all of
them square-free, then 2 would also be divisible by this element, against the
assumption that 2% ¢ J. This shows that M (1)(™~1) % M(.J)(™=1. Therefore,
the mapping
RMony,—1(Fa[z]) — P(M(x)™ ")
I — M)

is an embedding and hence the cardinal of the symmetric difference of subsets of
M(z)™=1) induces, through this embedding, a metric on every RMony,(Fo[z])
with Kk <m — 1. n

Notice that the mapping [ +— M(I)(m’l) does not define an embedding of
the whole Mon,, 1 (Fa[z]) — {Fa[z]} in P(M(z)™~V). For instance, if we let
I = (z;) and J = (22,2129, ...,712,), then M(I)™ = M(J)™ for every
m > 2. It is also clear that we must remove the total ideal if we want to get an
embedding: M((1))™) = M((x1,...,x,))™ for every m > 1.

If necessary, from Proposition 11 one can obtain an expression for ZA)m in
terms of Hilbert functions that allows to compute it using a computer algebra
system.

Now, let us return to contact structures. Propositions 10 and 12 provide two
general methods to define metrics on C,. If we define some injective represen-
tation of contact structures as monomial ideals I in Fo[z] with deg(I) bounded,
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then we can use the metrics D,,, for sufficiently large m, to induce a family of
metrics on C,,. And if the ideals I associated to contact structures are radical,
as it will always be the case in this paper, then we can also use the metrics D,,
with the same purpose. In the next subsections we explain several metrics on
contact structures obtained in this way.

4.2 Edge ideal representation and metrics

In [12] we used the first approach explained in the last subsection to define a
metric on C, using the representation of contact structures as edge ideals. Edge
ideals are quite a popular tool in commutative algebra to represent graphs and
to study their properties [22] and by using them we obtained what have been,
to our knowledge, the first metrics defined on arbitrary contact structures of
a fixed length that are independent of any notion of graph edition. We recall
these metrics in this subsection.
Let us start by defining the edge ideal of a contact structure.

Definition 2 For every ' = ([n], Q) € C,, the edge ideal It of T is the ideal
of Falz] generated by the products of pairs of variables whose indices form a
contact in I':

Ir = {ziz; |i-j € Q).

It is clear that {z;x; | i-j € Q} is a minimal basis of It consisting of square-
free monomials, and therefore Ir € RMongy(Fa[z]) (notice that deg(Ir) can be
0: if T" is the empty secondary structure, in which case Ir = {0}). On the other
hand, it is also clear that

C., — RMony(F3[z])
I' — IF

is an embedding: since the monomials in It are exactly those divisible by some
x;x; with ¢-j € @, we have that

M(Ir)s = {ziz; [ i-j € Q},

and hence T is uniquely determined by M (Ir)s. Therefore, as a simple applica-
tion of Propositions 9 to 11 (and using that It, + Ir, = Ir,ur,) we obtain the
following result.

Proposition 13 [12, §3] For every m > 3, the mapping d,,, : Cp, X C, — R
defined by
dy,(T1,T2) = Dy (Ir,, I, )

is a metric. Moreover,

d,,(I'1,T2) = |M(Ipr,)m-1AM(Ir,)m-1]
= HIF1 (m - 1) + H1r2 (m — 1) — 2H]F1Up2 (m — 1)

13



Actually, we shall not use these metrics d/,, but scalar factors of them. Let
'y be the empty contact structure of length n and let I’y be an RNA secondary
structure of length n with only one contact, say i-j. Then Ip, = {0} and

Ir, = (x;x;), and therefore, for every m > 3,

dp (Lo, T1) = [M(Irg)m—1AM (Iry )m-1] = [M ((ziz;))m—1]

= |{xlxj cxe |z e M(&)m—3}| _ |M(£)m—3| _ (’n+m—3).

n

Taking 1 as the ‘natural’ value for the distance between I'y and I'y, we divide

every metric d},, on C, by ("+’:_3).

Definition 3 For every m > 3, the edge ideal mth metric on C,, is

1

dn(I'1,T2) = d,,(T1,T2), T1,Ts€Cy.

In [12] we have explicitly computed the metric d,, on U,, and C,, for several
low indices m and we have discussed several examples that show their possible
range of application. Let us simply recall here some of the formulas we obtained
there.

Proposition 14 For every I'1,Ts € C,, d3(T'1,T2) = |Q1AQ2].

Thus, d3 generalizes the subgroup metric to arbitrary contact structures.
Actually, this generalization is deeper than its rough value, since it can be easily
seen that, for every I' € U, m3(Ir) (as a group with the sum of congruence
classes) is isomorphic to G(T").

For every I'1, Iy € U,,, let 2, denote the number of open orbits of I'y ATy
with at least m nodes, and ©(™ the number of closed orbits of I'yAT's with
exactly m nodes.

Proposition 15 For every I'1,I's € U,

ds(T'1,T2) = |Q1AQ:] (1Q1AQ2| — ).

2
n+1
Therefore, on U,,, the metric d4 increases with the cardinal of Q1AQ2, but
decreases with the number of angles in T'{Al's, i.e., of pairs of contacts in

Q1AQ> that share a node. Indeed, it is easy to prove that this number of
angles is exactly |Q1AQ2| — Q.

Proposition 16 For every I'y,T's € U,,,

ds(T1,Ts) = |Q1AQs| — (nizr?)(g(\czlg@l) — (19) — (192
+2(n — 1)(|Q1AQ2| — 22) +2(S23 + @(4))>

14



In this case, the term 2(|Q1L§Q2‘) — (‘%ﬂ) — (|Q22|) makes the value of d5(I'1,I's)
depend not only on the cardinal and structure of the set Q1 AQ-2, but also on
|Q1 N Q2]. More specifically, it turns out that if I'1,I'5, T, T € U, are such
that Q1 — Q2 = Q) — @5, Q2 — Q1 = Q3 — @} and [Q1 N Q2| < |Q] N Q5]
then ds(I'1,T2) > ds(I'},T'%); i.e., the greater the set of contacts they share, the
closer they are.

To end this part of this subsection, let us mention that, for every m < n,
the value of the edge ideal mth metric involves a parameter Q,, or ©(™ that is
not involved in the value of edge ideal metrics with lower indices, and therefore
each such metric captures a different notion of similarity.

Now, one could also use the edge ideal representation of arbitrary con-
tact structures to define metrics on C, using the metrics D,,, m > 3, on
RMony(F3[z]). In this case, we would have that, for every m > 3, the mapping
defined by

d,,(P1,T2) = [M(Ir,) "V AM (Ir,) "=V | = d,,(1,T2) — d},, _, (T1,T2),

is a metric on C,,. If T'g is the empty secondary structure of length n and I’y is
a secondary structure of length n with only one contact, then

- — —14 —4
d;n(l—‘o,l—‘1)=(n+m 3>_<n+m >:<n+m )
n n n—1

Therefore, after normalizing C/l\;’n, by this factor, we can define, for every m > 3,
a second edge ideal mth metric on C, by

~ 1
dm(I'1,T2) = @

n—1

(/i\/m,(rlaFQ)a F17F2 c Cn

It is straightforward to check that, for every I'1,I's € Cp,

-~

d3(I'1,T2) = d3(T',T'2) = [Q1AQ2]

and hence, if you want, the family of metrics (Em)m%», also generalizes the
subgroup metric. We also have that, for every I'y, 'y € U,

~

da(T'1,T2) = |Q1AQ2| — %(|Q1AQ2| — Q).

And so on. R

It is clear that the family (d,,)m>3 captures (globally) the same information
as the family (d,,)m>3, but we consider it may deserve a deep study. For in-
stance, we might ask ourselves whether every sz captures the same information
as the corresponding d,,, or what is lim,, o dp, (I'1, T'2).

~

Open problem 6 To study the metrics (dpm)m>3 on Cy,.
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4.3 Clique ideal representation and metrics

Edge ideals are not the unique possible monomial ideal representations of graphs,
and hence of arbitrary contact structures. Other ideals, like path and toric ide-
als are studied in [22] and could be used with this purpose. In this subsection
we discuss another possible such representation, which, again to our knowledge,
is new in the literature.

Recall that a mazimal clique of a graph is a maximal complete subgraph
of it. Such a clique is non-trivial when it has at least two nodes. For every
I' = ([n],Q) € Cy, let Cli(T") be its set of non-trivial maximal cliques. Notice
that the knowledge of Cli(I") completely determines I': i-j € @ if and only if ¢, j
belong simultaneously to some non-trivial maximal clique.

Definition 4 For every I' = ([n],Q) € C,, the clique ideal Ky of ' is the
ideal of Fa[z] generated by the set of monomials consisting of one square-free
monomial x;, - - x;, for each non-trivial mazimal clique {i1,... it} of T':

Ir = <{x iy | {in,. ik} € cu(r)}>.

As in the case of edge ideals, the definition of maximal clique entails that the
set of monomials generating K specified in this definition is a minimal basis
of Kr, and hence deg(Kr) < [n/2]: the number n/2 is due to the fact that a
contact structure cannot contain contacts between consecutive bases, and the
upper bound [n/2] is reached for instance when all odd-numbered nodes contact
with each other forming a clique. On the other hand, it should be noticed that
if I' € Uy, then ClLi(T") consists of those 2-element sets {4, 7} such that i-j € Q
and therefore in this case Kr = Ir.

Now, it is again clear that

Cn — RMony, 9 (F2[z])
I' — Kr

is an embedding. Therefore, a simple application of Propositions 9 and 10 yields
the following result.

Proposition 17 For every n > 3 and for every m > [n/2] + 1, the mapping
d® :Cp x Cp — R defined by

d®,,(01,T2) = Dy (Kr,, K,) = [M(Kp, )m- 1AM (Kr,)m-1|
s a metric.

Moreover, Proposition 11 provides an expression for dcﬁn in terms of Hilbert
functions, which in this case simply says

d®,(T1,T2) = Hgy (m —1) + Hgp (m — 1) — 2Hge, 4 xp, (m — 1)

because, for clique ideals, it is in general false that Kr,ur, = Kr, + Kr,.
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As in the edge ideal metric case, we must normalize the metric d°), in order
to keep the figures acceptably small. Since if I'y,I's € U,,, then Kr, = Ir, and
Kr, = Ir,, and hence in this case

dy,(T'1,Tg) = d, (I'1,Ty),

it is clear that we must divide d°,, on C, again by (""":'3_3) if we want the

distance from an empty contact structure to a contact structure of the same
length and a single contact to be 1.

Definition 5 For every m > [n/2] + 1, the clique ideal mth metric on C, is

1
")

n

dé,(T'1,T2) = d,(I'1,Ts), T41,Is€Chy.

The value of a clique ideal metric depends on the sets of cliques, rather than
on the sets of contacts. We shall show it with a simple example. Let n = 5, and
consider the contact structures of length 5

Iy = ([5),{1-3,3-5,1:5}), Ty=([5,{1-3,3-5}), Ts=([5],{1-3}).

Thus, I’y contains a clique {1,3,5}, 'y is obtained from I'; by removing a
contact, which splits the clique into two, and I's is obtained from I's by removing
a second contact, leaving only one contact that forms a clique by itself. We have

that
Iv, = (w123, 2105, w325), Kr, = (v12325),
IF2 = KF2 = <$15€3,1‘1{IZ5>, Il"g = I(l"3 = <SU1£E3>.

In this case [n/2]41 = 4, and a simple computation yields the following figures:

d§(Dy,Ts) = 10/6, dy(T'1,Ts) = 5/6,
dZ(F17F3) = 5/67 d4(F1, F3) = 10/6
dZ(FQ,Fg) - 5/6’ d4(F23 F3) - 5/6

It is interesting to compare the behavior of d4 and df on these contact
structures. Under dy, I's is closer to I'y than I's, which corresponds to the
closeness of the sets of contacts. But under dj, I's is closer to I'; than I's, which
seems to correspond to the closeness of the sets of cliques.

Since the minimal basis of Kr used in its definition consists of square-free
monomials, one can also use the metrics D,, with m > [n/2] + 1 to compare
these ideals and hence arbitrary contact structures. More specifically, for every
m > [n/2] + 1 we have a metric on C,, defined by

C/l\cin(rl’rﬂ = Bm(KFlyKFz)

n+m—4

o ) to normalize it, we obtain a second family of

and, after dividing it by (
clique ideal metrics (gfn)m%n/ﬂﬂ on Cy.

We believe that these metrics df, and df, can be useful in the comparison
of protein contact structures, which are tightly packed and where the similarity
of their cliques’ structure can be more relevant than that of their contacts’

structure. Thus, we propose the following open problem:
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Open problem 7 To develop and study these metrics based on clique ideal
representations.

In our view, explicit descriptions for the metrics df, and c?fn similar in spirit
to those given in [12] for edge ideal metrics, will be difficult to obtain, but they
could be a key tool to understand these metrics.

To end this subsection, let us mention again that other representations of
contact structures as monomial ideals, some of them already extensively studied
in commutative algebra, could be used to define metrics on C,,.

Open problem 8 To define and study other metrics on C, derived from the
representation of contact structures as monomial ideals.

4.4 Primary-edge ideal representation and metrics

All metrics introduced so far compare contact structures without paying atten-
tion to the monomers assigned to each node by the primary structure of an
specific biopolymer. But, at a higher level of precision, it may be interesting to
take into account not only the contact structure of a biomolecule, but also its
primary structure, as most edit distances on RNA molecules of arbitrary length
do [13]. Now, it is possible to introduce the primary structure of biomolecules
in our ideal-based representations, at the price of increasing the number of vari-
ables in the polynomial ring we work in. We shall show in this subsection one
possible way to do it, based on a generalization of edge ideals. For simplic-
ity, we shall only consider here RNA contact structures, not necessarily with
unique bonds, but it should be clear that this approach can be developed for
structures of biomolecules whose primary structures are words on any fixed al-
phabet, from the binary {Pur,Pyr} alphabet for RNA molecules to different
alphabets to represent aminoacids or equivalence classes of them for proteins.

Definition 6 An RNA whole structure of length n is a pair ¥ = (b,I") where
be{A C G, U}" is a primary structure of an RNA molecule and T = (|n], Q)
s a contact structure, both of length n.

We could impose compatibility restrictions between the primary and contact
structure in RNA whole structures, as was discussed in §3.3, but we shall not
take them into account here. Let WRAN A,, denote the set of all RNA whole
structures of length n.

We shall work now with a set of polynomial variables

A1y 5Qn3Cly-v-3CnsGls- v 5Gn, ULy - -5 Un,

but, for simplicity, we shall still denote by M (x) and Fy[z] the set of monomials
and the ring of polynomials in these variables with coefficients in Fs.

Definition 7 For every ¥ = (b,T') € WRN A,,, the primary-edge ideal Js of
Y is the ideal of Falz] generated by the following monomials:
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(1) If i € [n] is isolated in T and b; = X € {A,C,G,U}, then the set of
generators of Js contains the corresponding variable x; € {a;, ¢;, gi, u; }.

(2) Ifi-j € Q and b; = X, b; =Y, with X,Y € {A,C,G,U}, then the set
of generators of Jx, contains the product x;y; of the corresponding pair of
variables x;,y; € {a;, ¢, gi, U; }.

It is clear that the set of generators of Jx given in this definition is a minimal
basis of it, and that

WRNA, — RMony(Fsz])
by — JZ‘

is an embedding. Therefore, we can use again Propositions 9 and 10 to define a
family of metrics on WRN A,,.

Proposition 18 For every n > 3 and for every m > 3, the mapping
dm : WRN A, x WRN A, — R
defined by

Ay (21, %2) = Din(Js,, Js,) = [M (Js, )m—1AM (J5, )m—1]
1S a metric.

As we already encountered in the previous two subsections, these metrics
yield artificially large figures (even larger now, because of the increase in the
number of variables), and therefore they must be normalized. But now there are
several possible natural normalizations. Here, we shall assign 1 to the distance
from an empty RNA whole structure to an empty RNA whole structure that
differs from it in only one position of the primary structure.

So, let Ty be the empty RNA secondary structure of length n, and let ¥; =
(b1,T0),%2 = (by,T0) € WRNA,, be such that b, and b, differ only in one
position; without any loss of generality, we shall assume that b; = AA... A and
by =CA...A. Then

‘]21 = <a1aa2a'~-7an>, JEz = <01,a2,...,an>.

In this case M (Jx,)AM (Jx,) consists of those monomials that are either divis-
ible by a7 and not divisible by ¢y, as, ..., a, or divisible by ¢; and not divisible
by a1, as,...,a,. Therefore

Ay (21,%2) = |M(Jg, )m—1AM (Js,)m—1

= |M(a17glvu1762792;u23 .. 'ac’nag’rbvun)’m—l
7M(gl7u17627925u2a"'7Cnvgn7un)m—l|
+|M(Cl7glau1702792;u2a"'7Cnagn7un)m71
_M(glvu17027927u27"'7cn7gn7un)m71|
3n+m—1 3n+m—2 3n+m—2
=25 = i) = 20,
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Definition 8 For every n > 3 and for every m > 3, the primary-edge ideal
mth metric on WRN A,, is

. 1
dm (X1, %2) = W
3n

J;n(Zl,Zg), 21,22 S WRNAn

As an example, let us compute now the distance d,, from an empty RNA
whole structure to an RNA whole structure with the same primary structure and
one contact. Without any loss of generality, let 31 = (by,'¢) be as before, and
let X3 = (by,T'1) be the RNA whole structure with the same primary structure
and I'y = {1-n}. Then

JEl = <(11,(12, sy Qn-1, an>, J23 = <a1an,a2 RN an,1>.
Since Jx, C Jx,, in this case
M(‘]El)AM(JE:s) = M(‘]El) - M(Jgs)

consists of those monomials that are either divisible by a; and not divisible by
as, ... ,ay or divisible by a,, and not divisible by a1, as,...,a,_1. Therefore

d,(21,%3) = |M(Js)m-1—M(Jsy)m1]

= |M(a1,c1,91,U1,C2, G2, U2, - - - s Cry Gy Un )im—1
—M(g1,¢1,U1,C2, g2, U2, -y Cry Gy Un )pn—1 |
+‘M(Claglau17627927u27 e ,an,cn,gn,un)m_l
—M(c1, g1,u1,C2, G2, U2, - -+ s Cry Gy U )rm—1]

=2 () = (i) =20

and hence
3n+m—l)
. ( 3n+m—1 m—2
o 3n+1 — =
nl(1,%) = e B T S R T !

Notice that, as n grows relatively to m, this value converges to 1.

Of course, another family of primary-edge ideal metrics on WRN A,, can
be defined using these primary-edge ideal representations of RNA whole struc-
tures and, now, the metrics D,, introduced in Proposition 12. We leave to the
interested reader to write up the definitions and to find the normalization factor.

Open problem 9 To develop and study these metrics based on primary-edge
ideal representations.

Of course, primary-edge ideals are not the only possible way to represent
simultaneously the primary and the contact structure of a biomolecule.

Open problem 10 7o introduce other representations of biomolecular whole
structures and to use them to define new metrics.
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5 Conclusion

In this paper we have surveyed the state of the art of the algebraic representation
of biomolecular structures and the use of these algebraic models in the definition
of metrics on biomolecular contact structures, a field of research opened by
Reidys and Stadler in 1996. We have taken the opportunity to recall several
interesting open problems in this area. We are currently working on some of
these problems, but we also would be glad to see them solved by anyone else.

We have focused on distances derived from algebraic models, skipping whole
areas of research in the comparison of RNA structures like, for instance, edit
distances or topological indices. Each one of these topics would deserve a survey
by itself. And we have mainly considered representations of contact structures
based on groups and on polynomial (actually, monomial) ideals. Of course,
there are probably other models related to other algebraic structures waiting to
be discovered and that would lead to new, interesting metrics.

Although we have focused on contact structures of the same length, whose
comparison has several specific applications, it is clear that the comparison of
contact structures of arbitrary length is more interesting. The problem of defin-
ing algebraic models of contact structures (or even of RNA secondary structures)
of variable length, from which to derive abstract metrics for contact structures
of possibly different lengths in a way independent of any notion of graph edition,
remains as open as it was when Reidys and Stadler posed it in 1996.

And finally, a last, and possibly the most important, question remains open.
What is the biochemical relevance of all these representations and metrics? At
this point in time, no metric seems to be more suitable than any other one to
compare biomolecular contact structures, even for specific types of structures
and with specific purposes. A thorough analysis of all metrics introduced so
far, both from the theoretical point of view and through extensive simulations,
could show whether there is one metric that, for instance, captures more closely
the probability of the fact that one structure admits one single-step mutation
that transforms it into another structure. This is a field where mathematicians,
computer scientists, and biologists seem predetermined to collaborate.
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