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Abstract

The double pushout approach to the algebraic graph transformation of hypergraphs
was invented 30 years ago and it has been generalized since then to more general
objects, like for instance relational systems or total and partial unary algebras. We
have recently introduced the double pushout transformation of partial and partly
total algebras over an arbitrary signature. In this paper we study the uniqueness
condition for these rewriting formalisms, which turns out to be given by a suitable
generalization to partial algebras of the well known congruence extension property
for total algebras.
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1 Introduction

The algebraic approach to graph transformation was introduced in the early
seventies by H. Ehrig, M. Pfender and H. J. Schneider in [13]. Although this
rewriting formalism was first applied to graphs, it soon showed its potential
in formalizing the transformation of more general objects, like hypergraphs,
relational systems, unary total and partial algebras or even objects in a topos.
One of its main appeals is actually the huge number of fields where relevant
applications have been given, covering practically all computer science areas.
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Preprint submitted to Elsevier Science 17 November 2003



One of the main approaches to algebraic transformation, and historically the
first one, is the so-called double pushout (DPO) approach. Although the reader
is probably familiar with the main features of this DPO approach, in this
introduction we shall refresh its most basic language; the reader wishing more
details may look up the early survey [9] or the more recent one [7].

In the DPO approach to transformation in a category C, a production rule is
a pair of morphisms

P=(L+- K-R).
Such a production rule in C can be applied to an object D when there exist a
morphism m : [ = D and a diagram
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such that both squares in it are pushout squares in C. In other words, when
there exists a pushout complement (B,g : K — B,l': B — D) of [ and m
(i.e., an object B and two morphisms ¢ : K — B and I' : B — D such that
D, together with m and I, is a pushout of [ and g¢) and a pushout of r and
g : K — B. When such a diagram exists, we say that H has been derived from
D by the application of rule P through m : . =+ D; the intermediate object
B is called the context object of this derivation. A set of such production rules
in a category C, together with a start object and a class of terminal objects
in C, form a (DPO) High-Level Replacement System, a HLR-System for short
[10,11].

Even when the category C has all binary pushouts, given a transformation rule

P=(L L K5 R) and a morphism m : L. — D, there need not exist any
object derived from D by the application of rule P through m. And when it
exists, it need not be unique even up to isomorphism. The reason is that given
two composable morphisms [ : K — L and m : L — D, there need not exist
any pushout complement of them, and when it exists, it need not be unique
up to isomorphism.

Thus, previous to the development of a DPO approach to the transformation
in a category C, one has to solve the following two problems:

o The application problem: when can a given production rule be applied
through a given morphism? If C has all pushouts, solving this application
problem amounts to finding what has been classically called a gluing cond:-
tion: a necessary and sufficient condition on two morphisms [ : K — L and
m : L — D in C for the existence of a pushout complement of them.

e The uniqueness problem: which production rules are such that when they
are applied to an object through a given morphism, all derived objects are



isomorphic? Since pushouts are unique up to isomorphism, it is usual to
solve this problem by finding a so-called uniqueness condition in C: a neces-
sary and sufficient condition on a morphism [ : K — L for the uniqueness up
to isomorphism of the pushout complement (if any) of [ and each morphism
m : L — D (see Definition 1 below).

The answer to these questions is already known for many categories where
HLR-systems have been defined. As far as the uniqueness problem goes, let us
mention that the morphisms satisfying the uniqueness condition in the usual
category of sets are the injective mappings, in the usual categories of graphs,
hypergraphs, Petri nets, total algebras of a unary type, and even in any topos,
they are the injective homomorphisms in the corresponding category, and in
the usual category of partial algebras of a unary type they are the closed and
injective homomorphisms: cf. [6,10,15].

During the last years, there has been a growing interest in the algebraic trans-
formation of total and partial algebras of an arbitrary type. This interest has
been mainly motivated by the need to enrich graph-like structures by means
of data type information in rule-based formal specifications of software sys-
tems with complex states, and by the development of the concept of Dynamic
Abstract Data Types (DADT) [12] in order to model systems with dynamic
behavior.

We have recently solved the application problem in the usual categories Algy,
and TAlgy, of partial and total algebras over an arbitrary signature X: see [17]
and [4,5], respectively. Actually, in [5] we considered not only total algebras
but partly total algebras: partial algebras with some fixed total operations. In
the last section of [17] we also stated a solution to the uniqueness problem in
Algy,, but space constraints forced us to give only hints to the proofs of the
main results, or even no proof at all, while in [5] a solution to this uniqueness
problem for partly total algebras was announced.

The goal of this paper is to give a detailed solution to this uniqueness prob-
lem in the categories of partial and partly total algebras of an arbitrary type,
providing full proofs of the results announced in [17, §5], proving the claims
concerning the uniqueness condition made in [5], and establishing some new
results on this topic. The uniqueness condition turns out to be given by a gen-
eralization to partial algebras of the well-known congruence extension property
for total algebras: we call this generalization the minimal congruence extension
property, the mce-property for short. The congruence extension property has
been thoroughly studied for total algebras, mainly in connection to varieties
and quasi-varieties [2,8,19-21], but, to our knowledge, nobody has considered
it so far in the partial setting. We start its study in the last section of this pa-
per, by establishing an algebraic sufficient condition for the mce-property and
by showing that, unlike what happens for total algebras [2,8], the satisfaction



of the mce-property for principal congruences does not imply its satisfaction
in general.

The rest of this paper is organized as follows. Sections 2 and 3 contain prelim-
inary material: in the former we recall some basic notions and facts on partial
algebras, and in the latter we introduce in an abstract setting the uniqueness
condition and we establish some properties that will be used later. Then, in
Sections 4 and 5 we prove that the homomorphisms that satisfy the uniqueness
condition in the categories Algy, of partial ¥-algebras and Algy,  of T-total
Y-algebras, respectively, are those closed and injective homomorphisms whose
images satisfy the aforementioned mce-property. Finally, Section 6 is devoted
to the study of some properties of the mce-property as mentioned above.

This paper is based on the first-named author’s PhD Thesis [16], although
it contains some results not included therein, and should be considered as a

sequel of [17] and [5].

2 Preliminaries

We assume the reader familiar with the basic notions and methods of the the-
ory of partial algebras, as introduced for instance in [3, Chap. I]. Nevertheless,
to ease his or her task, we recall in this section some basic definitions and facts
about partial algebras, and we take the opportunity to fix some notations and
conventions to be used throughout this paper, usually without any further
notice.

2.1 Signatures. A signature is a triple ¥ = (5,Q, n), where S is a non-empty
set of sorts, ) is a set of operation symbols and n : Q@ — 5* x S is the arity
mapping, that sends every ¢ € Q to its arity (w(p),o(p)) € S* x S.

An operation symbol ¢ is n-ary when the length of w(g) is n. Let Q) denote
the set of all n-ary operation symbols in ¥ and set Q(+) = Q — Q).

Let us fix for the rest of this section a signature ¥ = (5,2, ).
2.2 Algebras. A partial $-algebra is a structure A = (A, (¢*),eq), where:

o A= (Aj)sesisan S-set (i.e., an S-indexed family of sets), called the carrier
set of the algebra; we shall also say that the algebra A is supported on A.
For every s € S, the set Aj; is called the carrier set of sort s of A.

o Forevery p € Q, p* : A“(¥) As(y) is a partial mapping, called generically
an operalion in A (where? A* = {(} and A*1— = A, x .- x A, for every

2 The symbol X stands for the empty word.



s1...5, € S*). We shall denote by dom pA C A“#) the domain of the
partial mapping @*.

An operation ©® in a partial algebra A is total when it is a total mapping,
and discrete when it i1s the empty mapping. When a nullary operation in an
algebra A is total, we say that it is defined in A, and we identify it with its
image. A partial ¥-algebra is total or discrete when all operations in it are so.

In the rest of this paper, given a partial algebra denoted by a capital letter
in boldface type (A, B, etc.), we shall always denote, usually without any
further notice, its carrier set by the same capital letter, but in slanted type
(A, B, etc.); an operation in it by superscripting the operation symbol with the
algebra’s name (™, 9B, ...); and, if necessary, its carrier set of a given sort
by the same capital letter in slanted type, but with the sort as a subscript
(As, By, etc.). Nevertheless, and in order to lighten the notations, we shall
often skip all subscripts corresponding to sorts in the names of the carriers of
the algebras, the components of the homomorphisms or the congruences (see
below) etc., provided there is no danger of confusion.

2.3 Subalgebras. Let A = (A, (pA),eq) and B = (B, (¢®B),eq) be two
partial Y-algebras with B C A, i.e., with B; C A; for every s € S.

The algebra B is a relative subalgebra of A when it satisfies the following
condition: for every ¢ € Q and for every b € B“¥), b € dom B if and only if
b € domp? N B¥(¥) and p*(b) € B, in which case ©B(b) = p*(b).

The algebra B is a closed subalgebra of A when it is a relative subalgebra
and B is a closed subset of A in the following sense: for every ¢ € €, if
b € dom A N B¥¥) then ©*(b) € B.

There always exists the least closed subset of a Y-algebra A containing a
given subset X of its carrier; we shall denote it by Ca(X) and call it the
closed subset of A generated by X.

2.4 Homomorphisms. Let A = (A, (¢*),eq) and B = (B, (¢®).cq) be
two partial Y-algebras, and let f : A — B be a mapping of S-sets: 1.e., an
S-indexed family of mappings f = (fs)ses with fs: As — B; for every s € S.

The mapping f is a homomorphism from A to B when it preserves the op-
erations in A, in the following sense: for every ¢ € Q, if @ € dom ?, then
f(a) € dom ¢® and f,(4)(¢™(a)) = ¢B(f(a)) (where f(a) denotes the image
of @ under the mapping A*¥) — B“(¥) induced by f).

A homomorphism f : A — B is closed with respect to ¢ € Q) when, for every
a € A if f(a) € dom B, then a € dome®. A homomorphism is closed
when it is closed with respect to all operation symbols in the signature. Notice



that if ¢ is total, then a homomorphism f : A — B is always closed with
respect to .

If B is a relative subalgebra of A, the homomorphism B — A given by the
set-theoretical inclusion B C A is called an embedding, and it is a closed
homomorphism if and only if B is a closed subalgebra, in which case we call
it a closed embedding; we shall usually denote an embedding by means of a

hooked arrow A — B.

Let Algy (respectively, TAlgy) be the category of all partial (respectively,
total) X-algebras with homomorphisms as morphisms. In Algy., the isomor-
phisms are the closed and bijective homomorphisms, the epimorphisms are
those homomorphisms whose set-theoretical image generates the target alge-
bra, and the monomorphisms are the injective homomorphisms (see Props.

2.4.6, 3.6.1 and 2.10.3 in [3], respectively).

2.5 Congruences. Let A = (A, (¢*),eq) be a partial Y-algebra and let 6
be an equivalence relation on its carrier: i.e., an S-indexed family (6;),es of
equivalence relations, each #; on the corresponding Aj.

The relation 6 is a congruence on A when it is compatible with the operations
defined in A, in the following sense: for every Lp € QW) say with w(p) =
81 - € St ifa = (ar,...,a,),b = (br,...,b,) € domp? are such that
(a“b) E 9& for every i = 1,...,p, then (¢*(a),*(b)) € O,(y).

Given a relation X on the carrier of a partial ¥-algebra A, there always exists
the least congruence on A containing X; we shall denote it by 64 (X) and call
it the congruence on A generated by X.

Given a congruence  on a partial Y-algebra A = (A, (p®),cq), the quotient
algebra

A/0=(A/0,(o*")seq)
(where (A/0)s = A;/05 for every s € S) is defined in the following way: for
every @ € (),

o if o € QO then A% is defined if and only if ©* is defined, and when
they are both deﬁned, @A/e [o® J6,, (the equivalence class of ©® modulo
O c)):

o if w(p) = s1...5, € ST and [d] = ([ai]s.,,---[as,,) € (A/6)#() then

AJb !

la] € dome®/? if and only if there exists o' = (df,...,qa;) € domgo

such that (a;,a!) € 0,, for every ¢ = 1,... ,p; and if this is the case, then
™ (la]) = [e*(D)lo, -

Given a congruence # on a partial Y-algebra A, we denote by 75 : A — A /0
the corresponding quotient homomorphism, which sends every element a € A,
s € S, to its equivalence class [a]g,.



If f: A — Bisahomomorphism, then the relation ker f defined by (ker f),; =
ker fs = {(a,a’) € A2 | fs(a) = fs(a')}, for every s € S, is a congruence on A.

2.6 Pushouts. let f : K - A and ¢ : K — B be two homomorphisms
of partial Y-algebras. Let () = (S,Q("'),T]‘QH)) be the signature obtained

from ¥ by removing its nullary operation symbols and let A(+) and Bt he
the () _reducts of A and B: the partial ¥(+)-algebras obtained by simply
omitting the nullary operations in them.

The disjoint sum of A®) and B™) is the partial X(*)-algebra
) (HgpBH+)
Al @ B — (AU B, (@A ©B )weQ(+))

with carrier set the disjoint union® A U B of the carrier sets A and B of A
and B, and operations defined in the following way: for every ¢ € Q).

dom c,oAH)@BH) = dom ¢* U dom ¢B

and if @ € dom * (respectively, b € dom ¢PB), then goAH)EBBH) (a) = ¢*(a)
(respectively, goAH)EBBH) (b) = ©B(b)).

Let now 0(f,g) be the congruence on AH) @ B(+) generated by the relation

{(f(),9(z)) |z € K}U{(e,¢8) | o € AV, o8, of defined}.

Let P = (P, (4% ),eq) be the partial Y-algebra whose Y(t)-reduct is the quo-
tient

(AW & BW)/0(f,9)
and whose nullary operations are defined as follows: for every ¢y € Q©), P is
defined if and only if p® or ¢P is defined, in which case pF is its equivalence

class modulo 8(f, g).

Let finally § : A — P and f : B — P be the homomorphisms given by the
restrictions to A and B of the quotient mapping AU B — (AU B)/0(f,9).
Then, the cocone

(P.j:A—P,f:B—P)
is a pushout of f and ¢ in Algy.

3 The uniqueness condition

Let us start by formalizing what we understand by the satisfaction of the
uniqueness condition in a category C.

3 Formally, we define AU B as A x {1} U B x {2}, but in order to simplify the
notations we shall identify A and B with their images in A U B.



Definition 1. A morphism f : K — A in a category C satisfies the uniqueness
condition (for pushout complements) in C when, for each morphism m : A —
D in C, if f and m have a pushout complement in C, then it is unique up to
an isomorphism over K and D, in the sense that if (C,¢g: K — C,d: C — D)
and (C',¢' : K — C',d" : C" — D) are two pushout complements of f and
m, then there exists an isomorphism h : C' — (C such that ho ¢ = g and
doh=4d.

f
—_—

=
A

-
3

S

If the left-hand side morphism [ of a DPO rule P = (L LKL R) in C satisfies
the uniqueness condition in this category, then every two derived objects by
the application of P to a given object G through a given morphism m are
isomorphic, because the corresponding context objects are isomorphic over ¢
and K, and then the right-hand side pushout preserves this isomorphism. On
the other hand, if [ does not satisfy the uniqueness condition, then there are at
least two different applications of P to some object GG’ through some morphism
m’ such that the corresponding context objects are not isomorphic, something
that can result (depending, of course, on the right-hand side morphism r of
P) in the existence of two non-isomorphic objects derived from G’ by the
application of P through m'.

Let us establish now some general results that shall be used in the next sec-
tions. In them, and in the sequel, given a fixed class M of morphisms in a
category C, by a pushout Mgy-complement of two morphisms f: K — A and
m : A — D we understand a pushout complement (By, g0 : K — By, dp :
By — D) of them with “bottom” morphism dgy in M.

Proposition 2. Let C be a category with a factorization system (£, M) con-
sisting of the class £ of all its epimorphisms and a class M of monomor-
phisms. Let Mo C M be a subclass of M such thal, for every d: A — B in
M, there exist an isomorphism h : A — Ag and a morphism dy : A9 — B in
Mg such that d =dy o h. Then:

i) For every pair of morphisms f : K — A and m : A — D, if they have a
pushout complement in C, then they have some pushout Mqg-complement.

ii) If a morphism f: K — A satisfies the uniqueness condition in C, then in



every pushout square in C with top morphism f

K—1>4

gl£ lg,

TD
the bottom morphism f' belongs to M.

iii) Assume now that every pair of morphisms in C having a pushout comple-
ment, has exactly one pushout Mgy-complement. Then, a morphism [ : K —
A satisfies the uniqueness condition in C if and only if in every pushout square
in C with top morphism f the bottom morphism belongs to M.

Proof. i) Given any pushout square in C

)

~
N

m

Q
-

Q

TD

let f" = dy o f§ be a factorization of f' with fj : C — By in £ and dj :
By — D in M. Since every morphism in M is an isomorphism followed by a
morphism in My, and an epimorphism followed by an isomorphism is still an
epimorphism, we can assume that dy € M.

In this way, we obtain the following commutative diagram

K—L>a
gl (1) lm
CT>D m
él () jld
Bod—0>D

where (1) is a pushout square by hypothesis and (2) is a pushout square
because f) is an epimorphism. Thus, the outer square (1)+(2) in this diagram
is a pushout square, too. Denoting fj o g by go : K — By, we obtain in this
way a pushout Mo-complement (By, go : K — Bo,do : Bo — D) of f and m.

ii) Assume that f: K — A satisfies the uniqueness condition in C and let

~
N
l&

A

g/

D

Q
-

]



be a pushout square in C. Then, f: K — A and ¢’ : A — D have a pushout
complement in C, and therefore they have a pushout Mgy-complement

(B(),g() K — Bo,do : BO — D)

Since [ satisfies the uniqueness condition, there exists an isomorphism A :

B — Bg such that " = dg o h, which implies that [/ € M.

iii) We only have to prove that, under the extra hypothesis, the “if” impli-
cation holds. Thus, assume that f is such that in every pushout square in C
whose top morphism is f, the bottom morphism belongs to M. Let m : A — D
be a morphism in C such that f and m have a pushout complement, and let
(B,g: K — B, f': B — D) be any pushout complement of them. By as-
sumption, f' € M and therefore [’ = d o h for some isomorphism - : B — C
and some morphism d : C' — D in M.

Reasoning as in the proof of the previous point, we obtain that

K—1s4

hogl lm

C—=D

is a pushout square with d € My and thus, since by assumption the pushout
M-complement

(Bo, g0 : K — By, dy : By — D)
of f and m is unique, we have that C' = By and hence d = dy and h o g = go
as well. Thus, we have an isomorphism h : B — By such that dyo h = f" and
hog = go.

This shows that every pushout complement of f and m is isomorphic over
K and D to their pushout Mg-complement, which implies that all pushout
complements of f and m are isomorphic over K and D. O

Corollary 3. Under the general assumptions in Proposition 2, if @ morphism
f i+ K — A inC satisfies the uniqueness condition, then it must belong to M.

Proof. Consider the following pushout square in C:

f
—_—

K A
IdKl lIdA
]’TA

If f satisfies the uniqueness condition, then, by point (ii) in the last propo-
sition, it must belong to M, as the bottom homomorphism in this pushout
square. ]



Corollary 4. With the notations of Proposition 2, and under the hypothesis
in point (iii) in it, if f: K — A satisfies the uniqueness condition in C and if

K—1-4

gl g’
B——D

fl

is a pushout square, then f' also satlisfies the uniqueness condition in C.

Proof. Assume that f’ does not satisfy the uniqueness condition. Then, there
exists a pushout square in C

p-L-p

hl l’“

OT’D'

with f"” ¢ M. However, if we compose vertically this pushout square to the
one in the statement, we obtain a pushout square

K—L>4
hogl lh,og,
I oY/
C f;/ D
in C with top morphism f and bottom morphism not in M, which entails that
f does not satisfy the uniqueness condition, either. O

It is not difficult to produce ad hoc categories where the uniqueness condition
is not inherited under pushouts.

4 The uniqueness condition in Algy,

In the sequel, and unless otherwise stated, let ¥ = (.5, Q, ) be a fixed signature
and let Algy. be the category of all partial ¥-algebras with homomorphisms
as morphismes.

We know from [3, Prop. 10.2.8] that the pair (£, M), with £ the class of all
epimorphisms and M the class of all closed monomorphisms, is a factorization
system in Algy, and it is clear that every closed monomorphism f factors into
an isomorphism followed by a closed embedding (the embedding of the closed
subalgebra supported on the image of f). Therefore, taking as M, the class
of all closed embeddings, the general hypothesis in Proposition 2 is satisfied.

11



Following [9], we shall call the pushout Mgy-complements in Algs (with M
this class of all closed embeddings) natural pushout complements.

On the other hand, in [17, Prop. 9] we proved that the hypothesis in Propo-
sition 2.(iii) is also satisfied with respect to these classes M, £ and M: that
is, if two homomorphisms of partial ¥-algebras f: K —+ A and m: A — D
have a pushout complement in Algy., then they have one, and only one, natu-
ral pushout complement. Therefore, a direct application of Proposition 2 and
Corollary 3 proves the following result.

Corollary 5. i) A homomorphism of partial X-algebras f : K — A salisfies
the uniqueness condition in Algs. iof and only if in every pushout square in Algy,
with top homomorphism f, the bottom homomorphism is closed and injective.

ii) Fvery homomorphism of partial X-algebras satisfying the uniqueness con-
dition in Algy, is closed and injective. O

When the signature ¥ is unary, point (ii) in this corollary yields also a sufficient
condition: a homomorphism of partial algebras f : K — A over a unary
signature ¥ satisfies the uniqueness condition in Algy, if and only if it is closed
and injective; see [6, Lem. 13 and Prop. 14]. But not every closed and injective
homomorphism of partial algebras over an arbitrary signature ¥ satisfies the
uniqueness condition in the corresponding category Algy., as the following two
examples show: Example 6 corresponds to Example 12 in [17], and we recall
it here to ease the task of the reader.

Example 6. Let ¥ be a one-sorted signature with a binary operation symbol
¢. Let K and B be the discrete Y-algebras with carrier sets K = {ay, as, by, b2}
and B = {ay,b1, b2}, respectively, and let A be the partial Y-algebra with
carrier set A = {ay,ay,¢, by, by} and the operation ¢ defined by p*(ay,c) = b,
and @ (as,c) = by. Let f: K — A be the closed embedding of K into A and
let g : K — B be the homomorphism given by ¢g(a1) = g(az) = a2, g(by1) = b
and ¢(bg) = by.

A pushout of f and ¢ in Algy, is given by the partial ¥-algebra D with car-
rier set D = {a;2,¢,b; 2} and the operation ¢ defined by P (a4, ¢) = by o,
together with the homomorphisms f' : B — D and m : A — D given by
f'larn) = arg, f'(br) = ['(b2) = b, and m(ay) = m(az) = a1, m(c) = c,
m(by) = m(by) = by respectively. Then, f’ is closed but not injective, and
therefore f does not satisfy the uniqueness condition.

Example 7. Let ¥ be as in the previous example. Let K and B be the discrete
Y-algebras with carrier sets K = {a1,a2,b1} and B = {a;2, b}, respectively,
and let A be the partial ¥-algebra with carrier set A = {ay, aq, ¢, by, by, d} and
the operation ¢ defined by p*(a1,c) = by, p*(ay,c) = by and ¢*(by,by) = d.
Let f: K — A be the closed embedding of K into A and let g : K — B be

12



the homomorphism given by g(a1) = g(as) = a1 2 and g(by) = by.

A pushout of f and ¢ in Algy, is given by the partial ¥-algebra D with carrier
set D = {a1g,¢,b12,d} and the operation ¢ defined by ¢P(a;2,¢) = by
and P (b1 2,b12) = d, together with the homomorphisms ' : B — D and
m: A — D given by f'(a12) = a1z, f'(b1) = b2, and m(a) = m(az) = a2,
m(c) = ¢, m(by) = m(by) = by 2, m(d) = d, respectively. Then, f’ is injective
but not closed, and therefore f does not satisfy the uniqueness condition.

Thus, in order to obtain the uniqueness condition in Algy, for an arbitrary
signature X, some extra condition must be added to closedness and injectivity.
As we shall see, this extra condition turns out to be given by the following
notion.

Definition 8. A closed subalgebra C of a partial Y-algebra A satisfies the
minimal congruence extension property (the mee-property, for short) when, for
every congruence § on C, if § is the congruence on A generated by 6, then:

DNON(CxC) =0

ii) for every ¢ € Q, if (ay,...,a,) € domp® and (ai,¢1),..., (an,c,) € 0 for
some ci,...,c, € C, then there exists some (c,...,c)) € domg® such
that (ay,c,),...,(a,,c) € 0.

A mce-homomorphism is a closed and injective homomorphism f : B — A
such that the closed subalgebra of A supported on f(B) satisfies the mce-
property. In other words, mce-homomorphisms are those homomorphisms that
factor into an isomorphism followed by the closed embedding of a closed sub-
algebra satisfying the mce-property.

Next lemma shows the real content of the definition of this mce-property.

Lemma 9. A closed subalgebra C of a partial ¥-algebra A satisfies the mce-
property if and only if, for every congruence @ on C, if 0 is the congruence
on A generaled by 0, then the homomorphism C/0 — A/ induced by the
closed embedding C — A, defined by [c|g — [c|7 for every c € C, is closed and
injective.

Proof. Condition (i) in the definition of the mce-property is equivalent to the
injectivity of the homomorphism C/6 — A /6, while condition (ii) is equivalent
to its closedness. O

With the notations of Definition 8, if all operations in ¥ are unary, then
0 = 0 U Ay, and therefore in this case every closed subalgebra satisfies the
mce-property. This does no longer happen in the arbitrary case. For instance,
in Examples 6 and 7, the closed subalgebras K of the algebras A do not
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satisfy the mce-property: in both cases, the least congruence on A contain-
ing ker g was kerm (cf. Lemma 10 below), and then in Example 6 condition
(i) in Definition 8 is not satisfied (because (by,by) € kerm N (K x K) but
(b1, by) ¢ ker g) while in Example 7 it is condition (ii) in loc. cit. which is not
satisfied (because (bi, b1), (by,b;) € kerm, by € K, and (b, by) € dom ¢, but
dom ¥ = (). These examples also show that conditions (i) and (ii) in the
definition of the mce-property are independent of each other.

The connection between pushouts in Algy, and the mce-property stems from
the following lemma.

Lemma 10. Let C be a closed subalgebra of a partial X-algebra A, let 6 be
a congruence on C and 0 the congruence on A generated by it, and let wy :
C — C/0 and 75 : A — A/0 be the corresponding quotient homomorphisms.
If7: C/0 — A/ is the homomorphism induced by the closed embedding

1:C — A, then the commutative square

CC—i>A

Ak

s a pushout square in Algy.

Proof. Let p: A — D and ¢ : C/6 — D be two homomorphisms of partial
Y-algebras such that poi = gomg. If (¢,c) € 0, then p(c) = q¢([c]s) =
q([c']s) = p(c’). Therefore, § C ker p and hence f C ker p. Then, by the diagram
completion lemma [3, Cor. 2.7.2], there exists a unique homomorphism p :
A/6 — D such that pom; = p. And this homomorphism also satisfies that
p o1 = q, because

poilcs) =porom(c) =pomglc) = p(c) = q([c]o)

for every c € C. O

Next proposition shows that bottom homomorphisms of pushout squares with
mce top homomorphisms are always closed and injective: this, together with
the previous lemma, will be the main ingredient in the proof that the unique-
ness condition in Algy, is to be mce.

Proposition 11. Let f: K — A be a mce-homomorphism. If

LA

=

m

o
-

o]

TD
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is a pushout square in Algys, then f': B — D is closed and injective.

Proof. Let C be the closed subalgebra of A supported on C = f(K), so that
f + K — C is an isomorphism and C satisfies the mce-property in A. Let
2 : C < A be the corresponding closed embedding, and let ¢’ : C — B denote
the composition g o f~1. Then, in the following commutative diagram

>

f
K——C-——

—A
lg' (2) lm
f/

B—B—=D

square (1) is a pushout square because f : K — C is an isomorphism, and the
outer square is a pushout square by assumption. Then, by the usual pushout
decomposition property, square (2) is a pushout square, too. Thus, to prove
that f’ : B — D is closed and injective, we only have to prove it in square
(2): i.e., it is enough to prove that if i : C — A is the closed embedding of a
closed subalgebra satisfying the mce-property and

| b
B 7 D

is a pushout square in Algy,, then f': B — D is closed and injective.

Set # = ker ¢, and consider the factorization of ¢ : C — B as gony, where 7y :
C — C/0 denotes the corresponding quotient homomorphism and g : C/6 —
B stands for the injective homomorphism defined by [c]s — g¢(¢) for every
¢ € C. Let 8 be the congruence on A generated by 6 and let 75 : A — A /0 be
the corresponding quotient homomorphism. Consider the following diagram

C(—i>A

Wel (1) l“g

al @

f/

where 7 : C/6 — A/0 is the homomorphism induced by the embedding 7 :
C — A, square (1) is a pushout square by Lemma 10, and h : A/ — D is
the unique homomorphism such that hory; = m and ho? = f'og, which exists
by the universal property of pushouts. Since C satisfies the mce-property in
A, Lemma 9 guarantees that 7: C/§ — A/ is closed and injective.
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Then, since the outer square in the previous diagram is also a pushout square,
by the pushout decomposition property we have that square (2) is a pushout
square in Algy as well. In this pushout square, 7 is closed and injective and g
is injective. Then, f is also closed and injective by [17, Cor. 2]. O

We have finally the following result.

Theorem 12. A homomorphism of partial X-algebras f : K — A salisfies
the uniqueness condition in Algs if and only if it is @ mce-homomorphism.

Proof. If f is a mce-homomorphism, then by Proposition 11, every pushout
square with top homomorphism f has its bottom homomorphism closed and
injective, and therefore f satisfies the uniqueness condition by Corollary 5.

Conversely, let f : K — A be a homomorphism that satisfies the uniqueness
condition. Then, by Corollary 5, it must be closed and injective. Assume now
that f is closed and injective, but not mce. Then, it is equal to an isomorphism
fo : K — C followed by a closed embedding : : C — A of a closed subalgebra
that does not satisfy the mce-property.

Thus, there exists a congruence § on C that does not satisfy conditions (i) or
(ii) in Definition 8. As we have seen in Lemma 9, this is equivalent to the fact
that the homomorphism 7 : C/# — A /8 (where § denotes the congruence on
A generated by 6) induced by ¢ : C < A is not closed and injective.

Now, in the following commutative diagram

f
K- -ce—i A
weofol (1) lﬂe (2) l“‘
C/0 5= C/0——A[D

(1) is a pushout square because fo : K — C is an isomorphism, and (2)
is a pushout square by Lemma 10. Then, the outer square in this diagram
is a pushout square with top homomorphism f and bottom homomorphism
not closed and injective. This contradicts the assumption that f satisfies the
uniqueness condition. O

Remark 13. As a consequence of the last theorem and Corollary 4, we have

that the mce-property for homomorphisms is inherited under pushouts in
Algy,, a fact that sharpens Proposition 11.
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Let us prove now that the mce-property simplifies the description of pushout
complements, when they exist, and the gluing condition.

Proposition 14. If f : K — A is a mce-homomorphism of partial ¥.-algebras
and m : A — D is a homomorphism such that f and m have a pushout in
Algy,, then their natural pushout complement is given by the closed subalgebra
of D supported on

(D = m(A)) Um(f(K).

Proof. By [17, Th. 10], the natural pushout complement of f and m in Algy
is

(Bo,go K — Bo,do : BO — D)
where By is the closed subalgebra of D supported on

By = Cp((D —m(A)) Um([(K)))

and dy 1s the corresponding closed embedding. Thus, we only have to prove
that if f: K — A is a mce-homomorphism, then (D — m(A)) U m(f(K))
is a closed subset of D. Since this condition does not depend on f but only
on its image f(K'), we can assume without any loss of generality that the
mce-homomorphism f : K — A is actually the embedding of a closed sub-
algebra satisfying the mce-property: to simplify the notations, we shall omit
the symbol f in the sequel.

Set @ = ker go, let 8 be the congruence on A generated by it, and let f: K/0 —
A /0 be the homomorphism induced by the embedding K < A. Since K sat-
isfies the mce-property in A, this homomorphism is closed and injective. Now,
arguing as in the proof of Proposition 11, we obtain the following commutative
diagram, where 75 : K — K/ and 73 : A — A/f are the corresponding quo-
tient homomorphisms, g, : K/6 — By is the injective homomorphism defined
by go([z]s) = go(z) for every x € K, and all squares in it are pushout squares:

K——A
g0 K/&?A/g m

BOCT)D

Let now ¢ € Q and z € dom P N ((D —m(A))Um(K))“(¥): we have to prove
that P (z) € (D — m(A)) Um(K). So, assume that P (z) ¢ (D — m(A)) U
m(K). Then there exists some a € A — K such that ¢ (z) = m(a) = m([a]3).
On the other hand, it is clear that L,QD(Q) € By, because By is the closed
subalgebra of D generated by (D — m(A)) U m(K). Then, since the bottom
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square in the diagram above is a pushout square and the homomorphisms f
and g, in it are closed and injective and injective, respectively, there exists

A

some k € K such that [a]; = f([k]s), i.e. [a]z = [k]5: see the proof of [17, Cor.
2]. But then

P (z) = m(a) = m([aly) = m([k]g) = m(k) € m(K),

which contradicts the assumption that P (z) ¢ (D—m(A))Um(K). Therefore,
©P(z) € (D —m(A)) Um(K), as we wanted to prove. O

Remark 15. It is not difficult to produce an example showing that, given two
arbitrary homomorphisms of partial ¥-algebras f : K — A and m: A — D
having a pushout complement in Algy, the set (D — m(A)) Um(f(K)) need
not be closed in D and the relative subalgebra of D supported on it need not
yield a pushout complement of f and m: see, for instance, [16, Ex. 3.11].

Proposition 16. Let f: K — A be a mece-homomorphism and m : A — D
a homomorphism of partial ¥ -algebras. Set B = (D — m(A))Um(f(K)), let
By be the closed subalgebra of D supported on By = Cp(B), and let 9(f,m)

be the congruence on the disjoint sum A & B(()+) of the ) -reducts of A
and Bqg generated by the relation

{(a,m(a)) | a € F(K)}U{(e8,¢8) | wo € QO i, o defined}.

Then, f and m have a pushoul complement in Algy tf and only if they satisfy
the following conditions:

i) B is a closed subset of D (and thus B = By).
ii) kerm CJ(f, m).
iii) For every o € Q, if d € dom P and d & B““), then d = m(a) for some
a € dom .

Proof. We already know from [17, Prop. 11] that f and m have a pushout
complement in Algy, if and only if they satisfy the following three properties:

GC1) kerm Cd(f,m).
GC2) If m(a) € By, then (a,m(a)) € ¥(f,m).
GC3) For every ¢ € Q, if d € domP and d ¢ BSH(W), then d = m(a) for

some a € dom p?.
Notice that (GC1) is equal to (ii) and (if (i) holds) (GC3) is equal to (iii).

Now, if f and m have a pushout complement in Algy, then they satisfy
condition (i) by Proposition 14 and hence, since they also satisfy (GC1)
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and (GC3), they satisfy conditions (i) to (iii). Conversely, if f and m sat-
isfy conditions (i) and (ii), then they satisfy condition (GC2). Indeed, let
m(a) € By. Since By = (D — m(A)) Um(f(K)) by condition (i), there ex-
ists some k € K such that m(a) = m(f(k)) and then, by condition (ii),
(a, f(k)) € kerm C J(f,m). Since (f(k),m(f(k))) € J(f,m) by definition,
this finally entails that (a, m(a)) = (a,m(f(k))) € I(f, m), as condition (GC2)
requires. Therefore, if f and m satisfy conditions (i), (ii) and (iii), then they
satisfy conditions (GC1) to (GC3) above. O

In the last proposition, the “if” implication is always valid, without any as-
sumption on the homomorphism f (as the proof shows), but in the “only if”
implication the hypothesis that f : K — A is a mce-homomorphism is needed
to guarantee condition (i): see Remark 15.

As an application, to close this section we model the transitions of a De-
terministic Finite Automaton (a DFA, for short) as DPO transformations of
partial algebras of a suitable type, in the spirit of Ehrig-Orejas’ proposal for
the DADT specification [12]. Other applications of the DPO transformation of
partial (and partly total) algebras in the specification of complex systems can
be found in Chapters 3 and 4 of M. Llabrés’ PhD Thesis [16]. Let us mention
that a similar specification of a DFA could be carried over using the DPO
transformation of attributed graphs [1], but our solution is slightly simpler.

Recall that a DFA is a structure M = (A, Q, qo, F,6), where A is its input
alphabet, () is its finite set of states, qo € Q) 1s its initial state, F' C () is its set
of accepling states, and finally 6 : Q x A — @Q is its transilion mapping. An
instantaneous description of a DFA is a pair (¢,w) € @ x A*: it essentially
means that the DFA is in state ¢ and it still has to process the word w. On the
set () x A* of instantaneous descriptions of a DFA M we define the transition
relation  in the following way: (¢, A) is not related to any instantaneous
description through F, and if w = aw’ with ¢ € A and 6(¢,a) = ¢, then
(¢, w) F (¢',w'). Notice that - is actually a partial mapping. A word w € A*
is said to be accepted by M when (qo,w) F* (¢r, A) for some accepting state
gr € F.

We shall model an instantaneous description of a DFA M together with the
specification of M, by means of a partial algebra of a suitable type ¥pp4 in
such a way that the transitions between instantaneous descriptions will be
given by the application of a DPO rule in Algy ..

The signature Xpra = (Spra, Qpra, npra) will be defined as follows: Spra =
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{input,alphabet, state}, Qpra = {l,¢,0,6}, and npp4 is given by

npra(l) = (input,alphabet), npra(e) = (input, state),
npra(o) = (input,input), npra(6) = (state alphabet, state).

An instantaneous description of a DFA M will be a partial Xpp4-algebra
A where the operations take the following meanings and have the following
properties:

o Its carrier set of sort alphabel is the alphabet A of M, its carrier set of
sort state is the set of states () of M, and its carrier set of sort input is a
non-empty finite set I of (input) indices.

e The unary operation o is injective and it is defined on the whole I but one
element, in such a way that it defines a linear order on I: the index o ()
is the successor of the index .

o 4 : Q x A — @ is the transition mapping in M. It is, hence, a total
operation.

o /A : ] - A has the same domain as 0. The word formed by its images
with the order defined by ¢ is the one in the instantaneous description.

o ¢ : ] — (Q is only defined on the least element of I, i.e., on the index
that is not the successor of any other index. Its image is the state in the

instantaneous description.

Consider now the rule P4, in Algy, . defined in the following way. Its left-
hand side algebra L has two elements z,y of sort input, one element a of
sort alphabel and two elements ¢, ¢’ of sort state, and the operations in it are

defined as follow:
UL(:I:) =y, KL(:C) = a, eL(;L’) =g, 5L(q,a) =q.

Its interface algebra K is the closed subalgebra of L obtained by removing
from it the index z, and the homomorphism [ : K — L is the corresponding
closed embedding. The closed subalgebra K satisfies the mce-property in L:
indeed, the only possible non-trivial congruence on K identifies ¢ and ¢’, and
its extension to L only identifies ¢ and ¢/, too. Finally, its right-hand side
algebra R is obtained by adding to K the operation ¢®(y) = ¢, and the
homomorphism r : K — R is the corresponding embedding. Notice that L
and R correspond to instantaneous descriptions of DFAs in the sense explained

above, while K does not.

Now let G be a partial ¥ ppa-algebra modelling an instantaneous description
of a DFA and let m : L — G be a homomorphism of partial ¥pp4-algebras:
notice that it will be injective on the carrier sets of sort alphabet (because in

L it is a singleton) and input (because o€ is injective), and in particular G
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must have at least two input indices, and moreover m(x) must be the least
element of G, because €& must be defined on it. It is straightforward to check
thus that such a homomorphism m always satisfies conditions (i), (ii) and (iii)
in Proposition 16 with respect to [ : K — L, and therefore [ and m satisfy the
gluing condition in Algy, .

Then, the context algebra D of the application of Pj.,,s to G through m is
obtained by removing from G the element m(z), and the derived algebra H
is obtained by adding to this context algebra the operation

(0 (m(x))) = §9(% (m(x)), (% (m(x))).

In other words, if G models an instantaneous description (go, apw’) of a DFA
M and 6(qo,a0) = ¢1 in M, then H models the instantaneous description
(g1, w") of the same automaton, i.e., the image of the previous instantaneous
description through F.

The fact that Pj..ns cannot be applied to a partial ¥ppa-algebra with only
one input index corresponds to the fact that (¢, A) F nothing. So, starting with
an initial instantaneous configuration of a DFA M. successive applications of
Pirans end up in an instantaneous configuration of the form (¢, A) and stop.
Adding suitable nullary operations to our signature ¥ppry to mean the initial
state and the accepting states (and making them defined in all three algebras
L, R and K), we could use the corresponding rule P.,,s to decide whether a
word is accepted by M or not.

5 The uniqueness condition in Algy

In the sequel, and unless otherwise stated, let ¥ = (.9, Q, ) be a fixed signature
and T a non-empty subset of €.

A partial Y-algebra A is said to be Y-total when ¢* is total for every ¢ €
T. The full subcategory of Algy with objects all T-total ¥-algebras will be
denoted by Algy, . If T is the set of all operation symbols in X, then the T-
total Y-algebras are exactly the total Y-algebras and in particular Algy, v =
TAlgy.

In [5] we introduced the DPO transformation of T-total ¥-algebras in Algy v,
and we refer the reader to Sect. 3 therein for the basic properties of these al-
gebras. The notion of free T-completions plays a key role in the construction
of pushouts in Algy v, and we shall recall it here. A free T-completion of a
partial Y-algebra A is an epimorphism £, : A — A of partial Y-algebras,
with A Y-total, that satisfies the following universal property: for every ho-
momorphism f : A — B of partial ¥-algebras with B T-total, there exists
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one, and only one, homomorphism f : A — B such that fo/ls, = f. In [5,
Prop. 8] we described a construction of a free T-completion of every partial
Y-algebra A, and two free T-completions of A are always isomorphic over A
because of the universal property they satisfy.

As a consequence of this universal property, we also have that if f: A — B
is a homomorphism of partial ¥-algebras and {4 : A —+ A and /g : B —+ B
are free T-completions, then there exists one, and only one, homomorphism
of YT-total Y-algebras f : A — B such that fo/fs = g o f: as a matter
of fact, free T-completions define an epireflection along the inclusion functor

Algzx — Algy.

Pushouts in Algg y are constructed through T-free completions of pushouts
in Algy, as the following two results, which are (essentially) Proposition 19
and Corollary 21 in [5], show.

Proposition 17. Let f: K — A and g : K — B be two homomorphisms of
partial X-algebras and let (D,m : A — D,d : B — D) a pushout of them in
Algs. Let by : K - K, lp: A - A, lg:B =B, and(p : D — D be free Y-
completions of K, A, B and D, respectively, and let f : K — A, §5: K — B,
m:A = D, and d : B — D be respectively the unique homomorphisms
extending f, g, m and d to these free Y-completions.

K ! A

N

HA

=

m

@l
Q
<o
3|

o]

HD

d
N
d

Then, (D, : A — D,d: B — D) is a pushout of f and g in Algs . O

D

osf

Corollary 18. et f : K — A and ¢ : K — B be two homomorphisms
of Y-total Y-algebras, let (D,g' : A — D, f" : B — D) be a pushout of
f and g in Algs, and let fp : D — D be a free Y-completion of D. Then
(D,{pog : A —D,Ipo f':B— D) isa pushout of f and g in Algg y. O

We also have the following result, which will be used in the sequel.

Proposition 19. Let A be a Y-total Y-algebra, B a partial X-algebra, [ :
A — B a closed homomorphism of Y-algebras and (g : B — B a free Y-
completion. Then the composition {go [ : A — B is a closed homomorphism.
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Proof. If ¢ € Y, then ¢* is total, and therefore the homomorphism /g o f :
A — B is closed with respect toit. If ¢ ¢ T, then f: A - Band/g: B -+ B
are closed with respect to it by assumption and by condition (FAC2) in [5,
Prop. 9], respectively, and therefore the composition fg o f is closed with
respect to it, too. O

Returning to Algy y, in this category the pair (£, M), with € the class of
all epimorphisms and M the class of all closed monomorphisms, is again a
factorization system, because it is so in Algy, and every closed subalgebra of a
T-total Y-algebra is again T-total, and every closed monomorphism f factors
into an isomorphism followed by a closed embedding, because it does so in
Algy,. Therefore, taking again as Mg the class of all closed embeddings, the
general hypothesis in Proposition 2 is satisfied in Algy y; we shall keep on
calling the pushout Mg-complements, now in Algy, v, natural pushout com-
plements. On the other hand, in [5, Prop. 27] we proved that the hypothesis
for Proposition 2.(iii) is also satisfied in Algy v with respect to these classes
M, € and Mg. Therefore, a direct application of Proposition 2 and Corollary
3 proves the following result.

Corollary 20. i) A homomorphism of Y-total ¥-algebras f : K — A salisfies
the uniqueness condilion in Algs v if and only if in every pushoul square in
Algs x with top homomorphism f, the boltom homomorphism is closed and
injective.

ii) Every homomorphism of T-total Y-algebras salisfying the uniqueness con-
dition in Algy, v is closed and injective. O

This corollary, parallel to Corollary 5, hints that the uniqueness condition in
Algy, v should be the same as in Algy. Theorem 22 below will show that it is
indeed so. Previous to it, we prove an inheritance property for the uniqueness
condition under free T-completions that has an interest in itself and provides
one of the implications in that theorem.

Proposition 21. Let f: K — A be a homomorphism of partial Y-algebras,
let (g : K — K and {5 : A — A be free Y-completions of K and A, and let
f:K — A be the unique homomorphism extending f. If f: K — A satisfies
the uniqueness condition in Algs, then f : K — A satisfies the uniqueness
condition in Algg .

Proof. Let

"
X
~—>l

os]
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be any pushout square in Algy, y: by Corollary 20, we want to prove that d is
closed and injective. By Proposition 17, we can assume that this pushout has
been obtained as the outer square in the following commutative diagram

_ 7 _
% y
K—>A
g gOZKl m' m
B—=>D’

Iy ZD/

B y D

where the inner square is a pushout square in Algy, fp: : D’ — D is a free
Y-completion, d = fp: o d and m : A — D is the unique homomorphism
extending m’ : A — D’. Now, by assumption, d' is closed and injective, and
hence d is also injective, and closed by Proposition 19. O

The converse implication in this proposition is in general false: for instance,
if ¥ is a one-sorted signature with a unary operation symbol ¢, K is the
discrete Y-algebra with carrier set {ao} and A is the partial Y-algebra with
carrier set {ag,a;} and all operations discrete except ¢, which is defined by
©*(ap) = ay, then the embedding K — A is not closed and therefore it is not
a mce-homomorphism. Now take T = {¢}, and the free T-completions of K
and A turn out to be the same and the extension to them of the embedding
K — A turns out to be the identity (of course, always up to isomorphism),
which satisfies the uniqueness condition in Algy y by Corollary 20.(i).

Theorem 22. A homomorphism f : K — A of Y-total ¥-algebras satisfies
the uniqueness condition in Algs, v if and only if il salisfies the uniqueness
condition in Algy,.

Proof. Tf f : K — A satisfies the uniqueness condition in Algy,, then it satisfies
the uniqueness condition in Algy v by Proposition 21.

Conversely, assume that f : K — A satisfies the uniqueness condition in
Algs r, and let
f

K—A
gl m
B—f>D

be any pushout square in Algy: by Corollary 5, we want to prove that the
bottom homomorphism f in it is closed and injective.
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Let C be the relative subalgebra of B supported on C' = g(K),let d: C — B
denote the corresponding embedding, and let g : K — C denote the homo-
morphism ¢ in the previous square, understood now with target algebra C.
Consider the commutative diagram

K—>A
g @ |
I’ ,

g C——D m
d (2) h
B—f>D

where (1) is a pushout square in Algy, and h : D’ — D is the unique homo-
morphism such that hog'=m: A — D andhof’:fod: C — D. Then,
since the outer square and square (1) in this diagram are pushout squares
in Algy,, the usual pushout decomposition property implies that square (2) is
also a pushout square in Algy,. Since d : C — B is injective, if we prove that
f': C — D’ is closed and injective, then, by [17, Cor. 2], we shall obtain that

f : B — D is also closed and injective and we shall be done.

In other words, we can assume without any loss of generality that in the
pushout square in Algy,
f

K—A
gl m
B—f>D

the homomorphism ¢ : K — B is surjective, and therefore B is also a T-
total Y-algebra because the class of all T-total Y-algebras is closed under
homomorphic images. In this case, if we let /p : D — D be a free Y-completion
of D, then by Corollary 18 we have that

K
|
B

is a pushout square in Algy, v, and, since f satisfies the uniqueness condition

f
—_—

>

ZD om

-

—_—

Ipof

w]

in Algy, 1, the bottom homomorphism /p of : B — D in this square is closed

and injective. This implies that f : B — D is also injective, and it is closed
by [3, Prop. 2.4.5.(e)]. O

Therefore, as a direct consequence of Proposition 12 and Theorem 22, we have
the following result.
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Corollary 23. A homomorphism f: K — A of Y-total X-algebras satisfies
the uniqueness condition in Algy, x if and only if it is a mce-homomorphism
in the sense of Definition 8: closed, injective, and for every congruence 6 on
the closed subalgebra f(K) of A supported on f(K), if 0 is the congruence on
A generated by 0, then:

i) 0N (f(K) x [(K))=0;

ii) For every ¢ € Q — 7, if (a1,...,a,)€Edomp? and (a1, ¢1),...,(an, c,) €0
for some c1,...,c, € f(K), then there exists some (c}, ..., c.)€dom @f¥)
such that (ay,¢)),...,(an,c)) €. O

Notice that in point (ii) in the last statement it was enough to consider only
operation symbols not belonging to T, because the operations belonging to T
are total on f(K) (it is a closed subalgebra of a T-total X-algebra, and there-
fore T-total) and then there is no need to impose conditions on the domains
of these operations. In particular, if T = €, which corresponds to consider
arbitrary total algebras, condition (ii) is always satisfied, and therefore the
uniqueness condition in TAlgy reduces, up to isomorphism, to the congruence
extension property as it is usually defined for total algebras.

Corollary 24. A homomorphism f : K — A of total X-algebras satisfies
the uniqueness condition in TAlgy if and only if it is closed, injective, and
the closed subalgebra f(K) of A supported on f(K) satisfies the congruence
extension property: for every congruence 6 on f(K), if 8 is the congruence on

A generated by 0, then 0N (f(K) x f(K)) = 0. O

This kind of condition on closed subalgebras has been often studied in the
literature on total algebras, but mainly from the point of view of finding suf-
ficient (usually, equational) conditions on a total algebra A to guarantee that
all its closed subalgebras satisfy this congruence extension property. For in-
stance, all closed subalgebras of abelian groups and distributive lattices satisfy
the congruence extension property, while not all closed subalgebras of semi-
groups, groups or lattices satisfy it. Thus, an embedding of abelian groups
always satisfies the uniqueness condition in the category of total algebras of
the corresponding type, but an embedding of groups need not satisfy it.

Notice that Corollary 4 and Theorem 22 entail that the mce-property for ho-
momorphisms is also inherited under pushouts in Algs, v. And also notice that
Theorem 22, together with [6, Lem. 13 and Prop. 14], imply that if ¥ is a unary
signature, then, for every subset of operation symbols T, a homomorphism of
T-total Y-algebras satisfies the uniqueness property in Algy, v if and only if it
is closed and injective: for total algebras, this result is well known.

To close this section, we want to mention that if f : K — A is a mce-
homomorphism of T-total ¥-algebras and m : A — D is any homomorphism
of T-total ¥-algebras such that m and f have a pushout complement in Algy, ,
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then (as we already saw in Algy) the set (D —m(A)) Um(f(K)) is closed in
D, but (against what happens in Algy) the closed subalgebra of D supported
on this set need not yield a pushout complement of f and m in Algg y: see
[16, Cor. 4.59, Exs. 4.61 and 4.62]. Actually, the fact that f satisfies the mce
property does not simplify at all the description of pushout complements of f
and a composable homomorphism m in Algy, v for an arbitrary signature ¥,
which is much more involved than in Algy, or for unary signatures: see [5].

6 On the satisfaction of the mce-property

In this section we consider the problem of the satisfaction of the mce-property.
In §6.1, we prove that if a closed subalgebra of a partial algebra satisfies the
mce-property for all finitely generated congruences, then it satisfies it for all
congruences, and we show that, against what happens for total algebras [2], in
general it is not enough to satisfy the mce-property for principal congruences
to guarantee its satisfaction for all congruences. Then, in §6.2 we introduce
a simple algebraic condition on a closed subalgebra that implies the satisfac-
tion of the mce-property. Unfortunately, this condition is not necessary and,
actually, we don’t know a simple, algebraic characterization of those closed
subalgebras satisfying the mce-property, even for total algebras.

6.1 The mce-property for finitely-generated congruences

A congruence on a partial algebra A is finitely generated (respectively, princi-
pal) when it is the congruence on A generated by a finite relation (respectively,
by a single ordered pair).

Proposition 25. Let A be a partial Y-algebra. A closed subalgebra B of A
satisfies the mee-property if and only if conditions (i) and (ii) in Definition 8
are satisfied for every finitely generated congruence 6 on B.

Proof. We only have to prove that if conditions (i) and (ii) in Definition 8
are satisfied for every finitely generated congruence on B, then they are also
satisfied for every congruence on B.

To prove condition (i), let # be any congruence on B and let  be the congru-
ence on A generated by 6. By [3, Prop. 2.5.4], 6 is equal to the union of the

congruences on A generated by finite subsets of 8:

6 ={J{0a(X) | X a finite subset of 6}.
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And by assumption we have that 04(X) N (B x B) = 0g(X) for every finite
subset X of 6, because 04 (X) = 04(08(X)).

Thus, if (b1,b;) € 6 N (B x B), then there exists some finite subset X C #
such that (by,b2) € 04(X) N (B x B) and then (b, b;) € 0g(X) C 6. Since, on
the other hand, § C @, this entails the equality # N (B x B) =  required by
condition (i).

As far as condition (ii) goes, let » € Q, (a1,... ,a,) € dom * and (by,... ,b,)
€ B“¥) be such that (a;,b;) € 0 for every i = 1,... ,n. Then, there exist finite
subsets Xi,...,X, of § such that (a;,b;)) € 0a(X;) for every ¢+ = 1,...n.
Taking X = U, Xi, we have that (a;,b;) € 0o(X) for every i =1,... ,n.

But then 6a(X) is equal to the congruence on A generated by #g(X) and
thus, since by assumption condition (ii) is satisfied for finitely generated con-
gruences on B, there exist ¥}, ... , 0!, € B such that (b},...,8,) € dom B and
(ar,b)),...,(an, b)) € 04(X) C 0, as required by condition (ii). O

Reasoning as in [2], it can be proved that if condition (i) in Definition 8 is
satisfied for every principal congruence on a closed subalgebra B of a partial
algebra A, then it is satisfied for every congruence on B. But it is not true
for condition (ii), and thus we cannot reduce the mce-property to principal
congruences, as the following example shows.

Example 26. Let ¥ be a one-sorted signature with only one operation symbol
@, which is binary. Let A be the Y-algebra with carrier set

A= {al,a27G3,C1,C2, bla 527 537 b47d}

and operation ¢ defined by ¢*(ay,c1) = by, p*(ag, 1) = ba, p*(az,cz) = b,
0™ (as, c2) = by and ©*(by, b3) = d, and let B be the closed subalgebra of A

supported on B = {ay, ay,as, by, by}, which is discrete.

It turns out that B satisfies the mce-property for all principal congruences.
Indeed, if € is a principal congruence on B generated by any ordered pair
different from (a;,a;) or (az,a3) (or their inverse pairs), then § = § U A4 and
the mce-property is clearly satisfied in this case. If § = 6g((a1, az)), then

0

o U {(blv 62)7 (627 bl)} U AAa
while if § = 0g((a, as)), then

0

6 U {(bs,bs), (ba, b3)} U Ay,

and it is straightforward to check that the mce-property is also satisfied in
these cases.
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However, if we consider the congruence § on B generated by {(a1,as), (a2, a3)},
then we have that (b, by), (bs, b3) € 8, and (bg, b3) € dom p* and by, b4 € B,
but there is no (b,4’) € dom B such that (b, by), (', b3) € 0.

6.2 Strongly conver subalgebras

Given a partial Y-algebra A with carrier set A = (Aj;)ses, the algebraic quasi-
order on A is the reflexive and transitive closure <% on J,cs 4, of the fol-
lowing relation (see [3, §5.5]):

a' <a a if and only if @ = ¢*(ay,... ,d, ..., a,) for some operation ¢ €

and some tuple (a1,...,d’,...  a,) € dom p?.

In general, <’ need not be a partial order.

Definition 27. A subset X of the carrier set of a partial Y-algebra A is

strongly convex when, for every operation symbol ¢ and for every (ay,... ,a,)
€ domy?, if p*(a1,...,a,) € X and there exists some z € X such that
r =% a;, for some g =1,... n, then ay,... ,a, € X.

It is obvious that every initial segment of a partial algebra is a strongly

convex subset: if X is an initial segment, then ¢*(ay,...,a,) € X implies
ai,...,a, € X without any other assumption. On the other hand, every
strongly convex subset X is clearly convez in the sense of [18]: if p*(ay,. .. ,a,)
€ X and there exist some = € X such that * <} a;, for some 10 = 1,... | n,
then a;, € X.

These implications are strict: not every strongly convex subset is an initial
segment and, if the signature contains some operation symbol that is at least
binary, not every convex subset is strongly convex, as the following simple
example shows.

Example 28. Let ¥ be a one-sorted signature with a binary operation . Let
A be the partial Y-algebra with carrier set A = {a, ¢, b} and the operation ¢
defined by ¢*(a,c) = b. Then K = {b} is a strongly convex closed subset of
A that is not an initial segment, while K’ = {a, b} is a convex closed subset
of A that is not strongly convex.

In the next proposition we show that the strong convexity implies the mce-
property. Unfortunately, the converse implication does not hold: if in Exam-
ple 7 we denote by K’ the discrete Y-algebra with carrier set K’ = {ay, aq, d},
then it is a closed subalgebra of A that satisfies the mce-property, but K’ is
not a strongly convex subset of A. Moreover, convexity and the mce-property
are not related to each other: for instance, this subset K’ is not convex in A
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either, while in Example 6 the set K is a convex closed subset of A, but the
corresponding closed subalgebra K does not satisfy the mce-property in A.

Proposition 29. If K — A is a closed subalgebra supported on a strongly
convex sel, then K satisfies the mce-property in A.

Proof. Let K be a strongly convex closed subset of a partial Y-algebra A, let
f be a congruence relation on K and let # be the congruence on A generated
by 6. We must prove that 6 satisfies conditions (i) and (ii) in Definition 8.

To do that, we shall prove first, using algebraic induction, that N (K x A) = 0,
i.e., that, for every (a,b) € 0,

(*)ifa€ K or be K, then (a,b) € 6.

Indeed:

If (a,b) € 6 or a = b, then (a,b) clearly satisfies (*).

o If (a,b) satisfies (*), so does (b, a).

If (a,c),(c,b) € 8 satisfy (*) and, say, a € K, then (a,c) € 6 and hence
¢ € K, which implies that (¢, b) € 6 as well, and thus, by transitivity, that
(a,b) € 6.

Assume that there exist ¢ € Q and (z1,...,7,), (y1,.-. ,¥n) € dome*
such that (z1,91),... , (T4, y,) € 0 satisfy (¥), and let a = ¢*(zy,... ,z,)
and b = o*(y1,...,ys). Let Us(K) be the least final segment of A (with
respect to the algebraic quasi-ordering) containing X:

Ua(K)={a€ A|k =} afor some k € K}.

Since Ua (K) is a final segment of A, (Ua(K))*UA 4 is a congruence on A,
and it contains # because it contains K x K: therefore,

0C (Ua(K))?U Ay

In particular, for every : = 1,... ,n, we have that either x; = y; or x;,y; €
Ua(K). If z; = y,; for every ¢, then @ = b. Assume now that z;, # v,
for some 19, and that @ € K. Then, since K is strongly convex in A and
z;, € Ua(K), it turns out that zy,...,z, € K and hence, by the algebraic
induction hypothesis, (z;,y;) € 6 for every ¢ = 1,... ,n. Finally, since K is
a closed subalgebra of A and 6 is a congruence relation on K, this implies

that (a,b) € 6.

Now it is clear that 8 satisfies condition (1) in Definition 8. As far as condition
(ii) goes, let ¢ € Q and (ay,...,a,) € domp* be such that there exist

C1y. .. ¢n € K such that (ar,¢1),...,(an,c,) € 0. Then, by the property on
we have just proved, (a1, ¢1),...,(an,¢,) € 0 and in particular (aq,... ,a,) €
dom ¥, O
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