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Abstract

We present a fuzzy model of P systems where the
objects involved in computations are colored by
means of a finite family of fuzzy sets, and we dis-
cuss several applications of this model in compu-
tational biology.
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1 Introduction

Membrane computing [12] is a computational pa-
radigm invented in 1998 by Gh. Păun. Its basic
formal computational device, inspired by the liv-
ing cells’ membrane structures, is the membrane,
or P (for Păun), system. Roughly speaking, a
P system consists of a hierarchical arrangement
of regions surrounded by membranes, all of them
embedded in a skin membrane and, outside of it,
the environment. These regions contain multisets
over a set of reactives (or languages over an al-
phabet of reactives, depending on the nature of
the intended computations) and have associated
finite sets of evolution rules reminiscent of the re-
actions that take place inside cells. Other rules,
like membrane creation, dissolution or division,
have been considered. In the basic model, rules
are applied in a synchronous, non-deterministic,
and maximally parallel way, but many other pos-
sibilities have also been considered. Sequences of
such sets of applications make the P system to
evolve through computations, and an output can
be read from each halting computation.

Most approaches to membrane computing are uni-

versal, in the sense that they generate exactly the
r.e. sets of possible outputs. Moreover, several
approaches provide polynomial solutions to some
NP-complete problems. Besides these features,
which make it attractive to theoretical computer
scientists, membrane computing has several fea-
tures that has made it also attractive in the field
of computational systems biology. To quote a few
from [13]: distribution, algorithmicity, scalability,
transparency, parallelism, non-determinism, and
communication. A bunch of applications of mem-
brane computing in this area have been proposed
so far: see the references given in [12, 13] and
the forthcoming book [6]. A preliminary report
on the possible applications of P systems in ge-
nomics can be found in [8].

The last years have witnessed an increasing in-
terest in the development of ‘uncertain’ mathe-
matical approaches to membrane computing. The
reasons have been, among others, to keep closer
to the non-crisp behavior of real cells, the devel-
opment of new formal computational paradigms
dealing with fuzzy information, and the possibil-
ity of applying P systems to model real biolog-
ical processes where handling with uncertainty,
errors and approximations is necessary. A first
contribution to this line of research was given by
A. Obtu lowicz and Gh. Păun [9], by extending
the classical model to several probabilistic ones.
Obtu lowicz [10] also discussed several possible
rough set based mathematical models of uncer-
tainty that could be used in membrane comput-
ing. In a similar vein, several fuzzy approaches
have been introduced. In one of them, fuzzy
mathematics are used to handle the uncertainty in
the number of copies of the reactives in the mem-



branes [11, 15]. In another approach, developed
by our research group, fuzzy methods are used to
cope with the possibility that the objects in the
membranes are imperfect, approximate copies of
the reactives purportedly involved in the reactions
[3, 4].

In this note we present a generalization of this
second approach. In it, the objects contained in
membranes, and hence involved in computations,
have several properties, which are given by fuzzy
subsets of the universe. The values of these prop-
erties determine whether an object can play the
role of a given reactive in an application of a rule,
as well as the values of the properties on the out-
put objects. We also discuss several applications
of this approach in computational biology.

2 Crisp P systems

Given an alphabet Σ, we denote by Σ∗ the set of
words over Σ. Given a word w, we denote by |w|
the length of w and, given a letter a ∈ Σ, by |w|a
the number of occurrences of a in w.

A membrane structure µ = (M,E) is a rooted
tree —with edges pointing to the root r— whose
nodes are called membranes. This tree represents
a hierarchical structure of nested membranes: an
edge (m,m′) means that m is directly inside m′.
The root corresponds to the skin membrane that
surrounds the membrane system. The leaves rep-
resent elementary membranes, without any mem-
brane inside. To simplify the notations, we ex-
pand each membrane structure µ by adding to it
a new node env and an arc (r, env). Let µ(env)

denote the resulting tree.

Each membrane m defines a region Cm, which
we identify with the membrane. For an elemen-
tary membrane, it represents the space enclosed
by it, and for any other membrane it represents
the region between this membrane and those di-
rectly inside it. The env node also defines a region
Cenv, which represents the space outside the skin
membrane: the environment. It is in these re-
gions where computations take place, and where
objects are created, destroyed or moved.

At each moment, every region Cm contains a set
of objects that are copies of elements of a certain

finite set of reactives V . The content of each Cm

at any moment is represented by means of a finite
(i.e., finite-valued and taking non-zero values only
on a finite subset of its domain) multiset Fm :
V → N; Fm(v) = n means that there are n copies
of v in Cm. If V and M are the sets of reactives
and membranes, respectively, of a P system Π (see
below), we shall call an M -indexed family of finite
multisets (Fm)m∈M a configuration of Π.

Now, a basic crisp P system is a structure

Π = (V, µ,mout, (Sm)m∈M , (Rm)m∈M ),

where V is a finite set of reactives, µ = (M,E)
is a membrane structure, mout ∈ M is the output
membrane, (Sm)m∈M is the initial configuration
that describes the initial content of each region
Cm, and, for every m ∈ M , Rm is a finite set
of evolution rules associated to the membrane m:
these rules can be seen as specifications of ‘reac-
tions’ that can take place in Cm, although the ob-
jects obtained through these reactions can move
to regions directly inside or outside Cm. Every
rule in Rm has the form R = (c; a → (b, m)),
where:

– c ∈ V ∗ represents the catalysts of the rule: the
reactives that are necessary for the reaction rep-
resented by the rule to take place, but that are
not modified in any way by this reaction.

– a ∈ V ∗ represents the active reactives of the
rule: the reactives that are processed by the re-
action, being spent, destroyed, by this reaction.

– (b, m) ∈ (V × (M ∪{env}))∗ represents the out-
put reactives, produced by the reaction, together
with the region where each one of them is placed:
every (b′,m′) in this word means that a new re-
active b′ is produced in the region Cm′ when the
reaction represented by this rule takes place. If
(b′,m′) appears in the word (b, m), then either
m′ = m, or they are adjacent in µ(env).

An evolution rule R ∈ Rm0 can be triggered in
a configuration when there are enough copies in
Cm0 of each reactive for the corresponding reac-
tion to take place; i.e., when Fm0(v) ≥ |c|v + |a|v
for every v ∈ V . When such a rule R can be
triggered in a certain configuration, an applica-
tion of it modifies this configuration into a new



configuration, called the result of this specific ap-
plication, which is obtained as follows: for every
v ∈ V , |a|v copies of v are removed from Cm0 and,
for every m, |(b, m)|(v,m) copies of it are added to
Cm. Copies added to Cenv in this way are simply
removed from the system.

A transition for a membrane system consists of a
maximal simultaneous application of rules: the
triggering conditions must be satisfied simulta-
neously for all the rules, and then the results of
the applications are obtained simultaneously. The
rules applied in a given transition are chosen in a
non-deterministic way, and they need not be dif-
ferent. A sequence of transitions, starting with
the initial configuration, is called a computation.
A computation halts when it reaches a halting
configuration where no rule can be triggered. For
a halting computation, the output is the number
of reactives contained in the output membrane;
a computation that does not halt does not yield
any output. The set of natural numbers generated
by a given P system Π is the set of all these out-
puts, obtained through all possible halting com-
putations with respect to it. Basic crisp P sys-
tems defined in this way form a universal model
of computation, in the sense that they generate
exactly all r.e. sets of natural numbers. See [12]
for details.

This basic model admits many variations. For
instance, the form of the evolution rules can be
modified. A useful alternative type of rules are
the symport/antiport rules (a, in; b, out). The
rough meaning of such a rule in Rm0 is that the
reactives specified in a move from Cm0 to the re-
gion directly outside it, say Cm1 , and the reactives
specified in b enter Cm0 from Cm0 , provided there
are enough reactives in both membranes for these
two migrations to take place simultaneously. In
this model, the contents of Cenv must be taken
into account, as objects from it may enter Cr.

In other models, the objects involved in the reac-
tions can be words over V , and then contents of
the membranes are languages, the evolution rules
are rewriting rules, and the outputs of compu-
tations are again languages. Moreover, a tran-
sition can consist of the application of a single
rule, instead of a maximally parallel set of appli-
cations, or the rules to be applied in each tran-

sition can be chosen in a deterministic way, for
instance through priorities. Rules modifying the
membrane structure can also be used, like for in-
stance the creation, duplication or destruction of
membranes. And sets of membranes can be or-
ganized forming tissue-like of neural-like systems
of cooperating P systems. All these models, and
many more, have been introduced and studied in
the literature: see [12].

3 P systems with colored objects

We assume now the existence of a universe X
containing all objects involved in computations,
and we consider a finite set W = {w1, . . . , ws} of
fuzzy subsets of X, whose elements we generically
call colors. These colors can be used to introduce
uncertainty aspects in P systems.

For instance, we can understand the reactives
as ‘ideal’ definitions of the ‘chemical compounds’
specified in the rules of the P system, and hence
as fuzzy subsets of X. In this case W can contain
a copy of V , say {wv | v ∈ V } ⊆ W , in such a
way that each wv : X → [0, 1] gives the degree of
similarity of the objects x ∈ X to the reactive v.

We can also understand the regions defined by
the membranes as fuzzy. Thus, W can contain a
copy of M , say {wm | m ∈ M} ⊆ W , where each
wm : X → [0, 1] gives the degree with which each
x ∈ X belongs to Cm. And even if the regions
are crisp, it can be useful to introduce ‘closeness’
measures of objects to membranes, for instance
in order to determine the plausibility of the ap-
plication of symport/antiport rules. In this case,
members of W could measure how close an object
is to a membrane.

It can be convenient to consider other non-crisp
properties of the objects; for instance, in biochem-
ical situations, the reactivity or the hydrophobic-
ity of the chemical compounds can be interesting.
One can also consider weights of objects: for in-
stance, normalized scores of sequence alignments.
All these values can be given by members of W .

Once fixed the set W , we describe the contents of
a membrane m by means of a finite multiset

Fm : [0, 1]W − {(0, . . . , 0)} → N.



A value Fm(t1, . . . , ts) = n means that in Cm

there are n objects x such that wi(x) = ti, for
i = 1, . . . , s. We exclude (0, . . . , 0) from the do-
main Dom(Fm) of any Fm because we do not take
into account the objects x without any wi(x) > 0.
For every such a finite multiset Fm, let |Fm| =∑

t∈Dom(Fm) Fm(t).

If all colors wi are crisp, these mappings are multi-
sets over the set of all non-empty subsets of W . If
all colors wi are pairwise disjoint, i.e., if wi(x) > 0
implies wj(x) = 0 for every j 6= i, then the only
elements in [0, 1]W − {(0, . . . , 0)} that may have
a non-zero image under Fm are those with all en-
tries but one equal to 0, and then we can take as
the domain of Fm the set W×]0, 1]; cf. [3, 4].

A configuration for a fuzzy P system with colored
objects with set of membranes M and set of colors
W will be then a family of finite multisets(

Fm : [0, 1]W − {(0, . . . , 0)} → N
)

m∈M
.

A basic fuzzy P system with colored objects, an
fuzzy P system for short, is a structure

Π = (V,W, µ,mout, (Sm)m∈M , (Rm)m∈M ),

where V , µ, mout, (Sm)m∈M , and (Rm)m∈M are
as in basic crisp P systems, and W is the finite
set of colors used in the P system. Now, each
evolution rule in Rm has the form R = (c; a →
(b, m), τ, φ), where:

– c; a → (b, m) is a rule in the basic crisp P sys-
tems sense;

– τ : V × W → [0, 1] is a threshold function
that determines, for every v ∈ V , the least value
τ(v, wi) that each wi must take on an object
x ∈ X in order for such an object to be used as
the reactive v to the effect of triggering an appli-
cation of this rule.

– φ : W × (V ×M)×F|c|+|a| → [0, 1] is a function
that determines the value of the colors of each one
of the objects produced by the reaction, depend-
ing on the region where they end, in terms of the
values of the colors of the objects used in it as cat-
alysts and active reactives. Here F|c|+|a| denotes
the set of all multisets F over [0, 1]W−{(0, . . . , 0)}
such that |F | = |c|+ |a|.

An evolution rule R = (c; a → (b, m), τ, φ) in
Rm0 can be triggered in a configuration (Fm)m∈M

when, for every v ∈ V , there are at least as many
objects in Cm0 satisfying the conditions on the
values of the colors given by τ corresponding to
the reactive v as specified in the rule: formally,
when, for every v ∈ V ,∑

ti≥τ(v,wi)
i=1,...,s

Fm0(t1, . . . , ts) ≥ |c|v + |a|v.

When a rule R in Rm0 can be triggered in a con-
figuration, an application of it modifies this con-
figuration into a new configuration obtained as
follows:

(1) For every v ∈ V , we choose sub-multisets
F

(v,c)
m0 , F

(v,a)
m0 of Fm0 such that: |F (v,c)

m0 | = |cv|, and
(t1, . . . , ts) ∈ Dom(F (v,c)

m0 ) implies ti ≥ τ(v, wi) for
each i = 1, . . . , s; |F (v,a)

m0 | = |a|v, and (t1, . . . , ts) ∈
Dom(F (v,a)

m0 ) implies ti ≥ τ(v, wi) for each i =
1, . . . , s; and

∑
v∈V (F (v,c)

m0 + F
(v,a)
m0 ) ≤ Fm0 .

(2) We subtract
∑

v∈V F
(v,a)
m0 from Fm0 ; let still

denote the result by Fm0 .

(3) For every m and for every v, we add
to Fm a multiset representing |(b, m)|(v,m) ob-
jects, all of them with each wi-value equal to
Φ(wi, v,m,

∑
v∈V F

(v,c)
m0 + F

(v,a)
m0 ).

The lack of space prevents us from giving all de-
tails, we hope the interested reader will be able
to reproduce them; cf. [3, 4]. Instead, we give a
very simple toy example.

Example. Let Π be a fuzzy P system with set
of reactives V = {a, b, c}; membrane structure µ
with only two nodes: the root 1 and an output leaf
mout = 2; set of colors W = {wa, wb, wc, w1, w2}
(where wa, wb, wc represent degrees of similarity of
objects to the corresponding reactives, and w1, w2

represent degrees of proximity of objects in C1 to
the membranes 1 and 2); initial configuration de-
fined by S2 = 0 (C2 is initially empty) and S1 =
1/(0.8, 0, 0.3, 0.2, 0.9) + 1/(0.8, 0, 0.3, 0.5, 0.6) +
1/(1, 0.2, 0, 0.1, 0.8) + 1/(0.4, 0, 0.7, 0.1, 0.8); and
sets of rules R2 = ∅ and R1 = {R1, R2, R3, R4},
where:

• R1 = (ac → (a, 1)(b, 2), τ1, Φ1), with
τ1(a,wa) = 0.8, τ1(a,w2) = 0.8, τ1(c, wc) = 0.7,



and τ1(c, w2) = 0.8 (henceforth, any undefined
image of a mapping is assumed to be 0) and
Φ1(wa, (a, 1), 1/(ta, tb, tc, t1, t2)+
1/(t′a, t

′
b, t

′
c, t

′
1, t

′
2))= 1

2(max{ta, t′a}+max{tc, t′c})
Φ1(w1, (a, 1), 1/(ta, tb, tc, t1, t2)

+1/t′a, t
′
b, t

′
c, t

′
1, t

′
2)) = max{t1, t′1}

Φ1(w2, (a, 1), 1/(ta, tb, tc, t1, t2)
+1/(t′a, t

′
b, t

′
c, t

′
1, t

′
2)) = max{t2, t′2}

Φ1(wb, (b, 1), 1/(ta, tb, tc, t1, t2)+
1/t′a, t

′
b, t

′
c, t

′
1, t

′
2))= 1

2(max{ta, t′a}+max{tc, t′c})

• R2 = (a2 → (a, env)2, τ2, Φ2), with τ3(a,w1) =
0.8 and τ3(a,w2) = 0.3; Φ2 is nonrelevant, since
the product of this rule leaves the system.

• R3 = ((a → (a, 1), τ3, Φ3), with τ3(a,w1) = 0.9
and τ3(a,w2) = 0.1, and
Φ3(wx, (a, 1),{(ta, tb, tc, t1, t2)) = tx for x = a, b, c,
Φ3(w1, (a, 1),{(ta, tb, tc, t1, t2)) = t1 + 0.1,
Φ3(w2, (a, 1),{(ta, tb, tc, t1, t2)) = t2 − 0.1.

• R4 = ((a → (a, 1), τ4, Φ4), with τ4 and Φ4 as τ3

and Φ3 after interchanging w1 and w2.

So, R3 and R4 ‘move’ objects in C1, bringing
them near the skin or the elementary membranes,
while R2 removes pairs of objects from the sys-
tem, provided they are close enough to the skin
membrane. Notice that these three rules do not
have any threshold condition involving the sim-
ilarity of objects to reactives: thus, although
the reactive a is specified in them, they can
also move objects similar to c. Finally, R1 re-
moves an object similar to a and an object sim-
ilar to c, both close to membrane 2, an pro-
duces a new object similar to a in C1 and an
object similar to b in the output region. So, if
we apply R1 to the multiset 1/(1, 0.2, 0, 0.1, 0.9)+
1/(0.4, 0, 0.7, 0.1, 0.8)), we obtain a configura-
tion with F1 = 1/(0.8, 0, 0.3, 0.2, 0.9) + 1/(0.8,
0, 0.3, 0.5, 0.6) + 1/(0.85, 0, 0, 0.1, 1)) and F2 =
1/(0, 0.85, 0, 0, 0), while if we apply it to the
multiset 1/(0.8, 0, 0, 0, 0.9) + 1/(0, 0, 0.7, 0.1, 0.8),
we obtain a configuration with F1 = 1/(1, 0,
0, 0.1, 0.8) + 1/(0.8, 0, 0.3, 0.5, 0.6) + 1/(0.75, 0,
0, 0.1, 0.9)) and F2 = 1/(0, 0.75, 0, 0, 0). We can-
not apply R1 to any other submultiset of C1.

Now, as in the basic case, a transition for a mem-
brane system Π consists of a maximal simulta-
neous application of rules: the triggering condi-
tions must be satisfied simultaneously, and then

all steps (1), afterwards all steps (2), and finally
all steps (3), corresponding to all rules being ap-
plied must be performed simultaneously.

The definitions of computation and halting com-
putation and configuration in this model are the
same as those for the basic crisp model. Now the
output of a halting computation is some measure
of the size of the multiset Hmout describing the
contents of the output membrane in the corre-
sponding halting configuration. The measure of
the multiset can be given by some scalar or fuzzy
cardinality [5], or by some other suitable expres-
sion. The choice will depend on the application.
The set generated by a fuzzy P system Π will be
then the set of all these outputs (or their join, if
they are for instance fuzzy subsets of N). We still
have not explored the computational power of this
model in detail, but we have already proved that,
in two special cases, it is universal [3, 4].

Of course, the same variations as in the basic crisp
case can be considered in this case. This model
can also be enriched by adding a plausibility func-
tion to the rules that can be used, besides to define
application priorities, to define the plausibility of
a configuration obtained after a transition, and in
particular the plausibility of the halting configu-
ration of any computation. This last plausibility
can be taken into account when obtaining the out-
put value of a computation.

4 Applications in computational
biology

As we mentioned in the introduction, one of the
reasons of the popularity in membrane comput-
ing is its applicability in the modeling of biolog-
ical complex systems. Adding to P systems the
possibility to handle imprecisions, errors, uncer-
tainty, and any kind of non-crisp properties of the
objects involved in its computations, enlarges the
range of its applicability.

Our approach can be used, for instance, to model
in a more realistic way sodium-potassium pumps,
which have been already modeled through crisp
symport/antiport P systems by D. Besozzi and G.
Ciobanu [2]. The colors W can be used to mea-
sure the closeness of the reactives to the pumps,
and symport/antiport with a Φ mapping to re-



compute the values of the colors can be used to
move reactives within a region, getting closer or
farther to a pump, and to cross the pump (cf. the
Example above); plausibilities can then be used to
assign probabilities to rules. Since in this case the
reactives are relevant and well-defined (sodium,
potassium,. . . ), the set of colors must include
crisp mappings identifying the reactives. A sim-
ilar model is outlined in [1] for mechanosensitive
channels, with membership functions to mem-
branes as colors, but they do not recompute all
closeness colors after an application, only the one
corresponding to the target membrane, and there-
fore we consider our approach more accurate.

As far as the possible applications of this mod-
els in the genomics branch of computational bi-
ology go, let us mention sequence alignment. As
Fontana and Franco state in [7], it is not difficult
to devise a P system solving a sequence alignment
problem: first, generate all possible alignments
using the capability of P systems to execute in
a few steps, using its massive parallelism, pro-
cedures that performed sequentially need an ex-
ponential time; and second, extract the alignment
with the best score. Unfortunately, in crisp P sys-
tems the score cannot be associated as a weight to
the alignment, but only as the number of copies
of the alignment in a membrane, and this makes
the details of such a P system difficult to specify.
Even if the P system designed to solve the align-
ment problem is based in an incremental or dy-
namical programming paradigm, the comparison
of scores presents the same drawback. Fuzzy P
systems, which possess the same structure as crisp
P systems but admit the association of numerical
fuzzy values to elements of the membranes, are
more adequate to implement sequence alignment
algorithms. Other applications of P systems in
genomics hinted in [8] would benefit of the extra
power that coloring the objects adds to this com-
putational paradigm.
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