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Abstract

We study the weak hereditary class S, (K) of all weak subalgebras of alge-
bras in a total variety K. We establish an algebraic characterization, in the
sense of Birkhoff’s HSP theorem, and a syntactical characterization of these
classes. We also consider the problem of when such a weak hereditary class is
weak equational.
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The usefulness of partial algebras derives mostly from their extensibility to total
algebras belonging to some specific variety or satisfying some other specific condi-
tions. This feature has been frequently used in the literature, just to mention the
original proof of the Gréatzer-Schmidt theorem on the characterization of congru-
ence lattices [3]. In this paper we intend to study the class 9, (K) of all partial
algebras embeddable in a variety of total algebras K, and we call this class the weak
hereditary class of K. Thus, 5,(K) can be seen as the class of all partial struc-
tural approximations of algebras in K; the notation reflects the obvious fact that a
partial algebra is embeddable in K if and only if it is (up to isomorphism) a weak
subalgebra of an algebra in K.

Clearly any algebra A in 5, (K) must have the entire equational theory Eq(K)
among the equations that are weakly valid in A, i.e., 5, (K) C Mod,(Eq(K)). As we
shall see several times in this paper, this condition is by no means sufficient, and the
converse inclusion is not generally true. It may be interesting however to distinguish
those varieties of total algebras K for which 5,,(K) is a weak equational class, be it
for the simple reason that weak equational theories are decidable [8]. In this paper
we prove some general conditions for this to hold true, and in a subsequent paper
we plan to investigate exhaustively this question for unary varieties.

This work has been partially supported by the Spanish DGES, grants PB96-
0191-C02-01 and BFM2000-1113-C02-01.

Notations and conventions. Once a type of algebras ¥ is fixed, by a partial
algebra (resp. an equation) we mean a partial algebra (resp. an equation) of type
3. In this paper we only consider finitary homogeneous types.

Given a partial algebra denoted by a capital letter in boldface type (A, B, etc.),
we shall always denote its carrier by the same capital letter in slanted type (A,
B, etc.) and any operation in it by superscripting the operation symbol with the
algebra’s name (¢®, 9B, ...).



Given a set £ of ¥-equations, we denote by Mod, (&) the total variety defined by
£, i.e., the class of all total X-algebras that satisfy £. In a similar way, we denote
by Mod,, (&) the weak equational class defined by &, i.e., the class of all partial
Y-algebras that satisfy £ weakly.

Given a total variety K, 5,,(K) is the class of all weak subalgebras of algebras
in K.
All terms are supposed to have their variables in a fixed, countably infinite set

of variables X = {z; | ¢ > 1}. Given a term p, we shall denote by var (p) its set of
explicit variables.

1 Weak hereditary classes

In the sequel, and unless otherwise stated, let 3 = (£2,7) be a fixed type of algebras.

Definition 1. A class M of partial algebras is weak hereditary if and only if
M = 5,(K) for some total variety K; in particular, we say that 5, (K) is the
weak hereditary class of K.

Example 2. Let &£ be a set of equations and K = Mod(&) the variety defined by
E. If a partial algebra A satisfies £ existentially, then any inner completion of A
(i.e., any completion of A on its carrier set) satisfies £; thus, any existential model
of £ belongs to 9, (K). (Actually, it is proved in [2] that any existential model of £
is a relative subalgebra of a total model of £.)

Example 3. Let now £ be a set of regular equations and K = Mod,(&). If a partial
algebra A satisfies £ in the strong (or Kleene’s) sense, then the one-point completion
of A satisfies £ (see [7]). Therefore, any strong model of such a set £ belongs to
Sw(K).

More in general, if £ is any set of equations closed under Birkhoff’s equational
logic rules, then any strong model of £ belongs to 5,,(K): see Corollary 12 below.
Thus, if A satisfies strongly the whole equational theory Eq(K) of a total variety
K, then A € 5,(K). However, when £ is not closed in the Birkhoff sense, strong
models of £ need not be weak subalgebras of total models of £, as the following
simple counterexample shows.

Example 4. Let X be a type of unary algebras with at least three different opera-
tion symbols ¢g, @1 and @9, and let A be a partial algebra with carrier A = {a,b}
and with 8 (a) = i (b) = a, P(a) = ¢ (b) = b, and @3 discrete. Then A is a
strong model of the equations

wolr1) = wo(z2), 1(z1) = @1(z2), wow2(r1) = Prp2(z2)



but no completion of A can satisfy them. Indeed, any total model of these equations
also satisfies @o(z1) & @1(z2), while @i (a) £ @2 (b).

Last example entails in particular that, although any algebra in S,,(Mod(&)) is
a weak model of £ because weak subalgebras preserve weak satisfaction of equations,
the converse implication is in general false. Let us see another, simpler, example of
this fact.

Example 5. Let ¥ be a type of monounary algebras, and let ¢ be its operation
symbol. Let A be a partial algebra with carrier A = {a,d’,a”} and with operation
@™ given by p®(a) = p®(a’) = a”. Then A satisfies p?(z) ~ = in the weak sense,
but clearly no completion of A satisfies this equation.

Thus, a weak model of the whole equational theory of a total variety need not
belong to its weak hereditary class. Indeed, this algebra A satisfies weakly the whole
equational theory of Mod;({¢?(z) ~ z}), but it does not belong to 9, ({¢%(z) ~ z}).

Remark 6. A weak hereditary class is closed under isomorphisms, weak subalge-
bras and arbitrary products. Hence, it is quasi-equational: actually, by [1, §3, Th.
1], A € 5,(K) if and only if

A): /\p]’%q]‘—>$%y
jed
for every such quasi-equation holding in K. In Theorem 13 below we give another
syntactical characterization of 5,,(K).

Next result provides an algebraic characterization of weak hereditary classes in
the sense of Birkhoff’s HSP Theorem. In it, and in the sequel, H, 5, 5; and P
stand for the “closed homomorphic images”, “closed subalgebras”, “total (closed)
subalgebras” and “direct products” algebraic operators, respectively. Moreover,
given a class M of partial algebras, M™ denotes the subclass of all total algebras
in M. Notice that 9,,(K)* = K for every total variety K.

Theorem 7. Let M be a class of partial algebras. The following assertions on M
are equivalent:

i) M is a weak hereditary class.
ii) M = 8, HS P(M*).
iii) M = 8, HSP(M).
Proof. (i) = (it) If M = 5,,(K) for some variety K of total algebras, then M* =
K=HSP(K)=HSP(M*) and therefore M = S,,(H S P(M*)).
(17) = (4i1) Assume M = S, HSP(M*). Then
P(M) = PS,HSP(M*) C S, PHSP(M*) C S, HSP(M*) = M



and

Se(M) =85S, HSP(M™) C S, ,HSP(M*) =M.
Therefore S:P(M) C M, and, in fact, S:P(M) C M*.
Consequently,

SuH S P(M) C Sy H (M) C Sy HSP(M*) = M.

On the other hand, the inclusion M C S,,H S, P(M) follows from the fact that
SP(M*) C 5;P(M) for any class M (if A is a closed subalgebra of a total algebra,
A is total too), and therefore M = 5, HSP(M*) C S\, HS5;P(M).

(111) = (7) Assume now that M = S, H S, P(M). We shall prove that, under
this assumption, H.S;P(M) = HSP(M?*). Indeed, on the one hand, the inclusion
SP(M*) C 5;P(M) used in the last step of the proof of the previous implication
entails that HSP(M*) C HS;P(M) for any class M. And on the other hand, if
B € H5;P(M) then B is total and belongs to M because M = 5, 5;P(M), and
therefore B € M* C HSP(M*); this proves HS;P(M) C HSP(M*).

Thus, HS:P(M) is a variety of total algebras and M is its weak hereditary
class. O

Remark 8. Notice that the equality HS;P(M) = HSP(M*) need not hold for an
arbitrary class M of partial algebras. For instance, let A be a non-total algebra

containing a total and non-trivial closed subalgebra A’, and let M = {A}. Then
A’ ¢ HS5;P(M), while HSP(M?*) only contains trivial total algebras.

In the sequel we provide an alternative syntactical characterization of weak
hereditary classes. Recall that given a class K of similar algebras and an algebra A
of the same type, a K-reflection of A is, when it exists, a homomorphism e : A — B
with B € K such that every homomorphism of A to an algebra in K factorizes in
a unique way through e. Since such an algebra B is determined uniquely (up to
isomorphism) by A, we shall call it the K-reflection of A whenever e is understood
or nonrelevant. The first lemma is an easy consequence of the universal property of
K-reflections.

Lemma 9. Let K be a total variety and A a partial algebra. Then, A € 5,(K) if
and only if A is (up to isomorphism) a weak subalgebra of its K-reflection. O

Next lemma describes in a simple (and suitable for our purposes) way the re-
flection of a partial algebra with respect to a variety of total algebras.

Lemma 10. Let A be a partial algebra and ipn : A — F a free completion of it
(given by the embedding of A into F as a relative subalgebra), and let K be a total
variety.



Let §(K) be the transitive closure in F of the relation
e(K) = {(p*(v),4"(v)) | p~ q € Eq(K), v € A*}.
Then 0(K) is a congruence on F such that F/H(IC) € K, and the composition
nat gy oia A — F/H(/C)
is the K-reflection of A.

Proof. 1t is clear that #(K) is an equivalence relation: it is reflexive because F is
generated by A, it is symmetric because Eq(K) is symmetric, and it is transitive

by construction. Now, let ¢ € Q with (@) =n > 1, and let (a1,b1),..., (an,b,) €
6(K). Without any loss of generality, we may assume that there exist an integer
m > 1 and pairs (a;;,a;;+1) € €(K), i =1,...,n, J = 0,...,m — 1, such that

a;0 = a; and a;,,, = b;.

Then, for every 7 = 0,...,m — 1, there exist equations p;; ~ q;; € Eq(K)
and valuations v;; : X — A such that a;; = pf:]-('viﬁj) and a; ;41 = qgj(‘vm),
i=1,...,n; Eq(K) being closed under substitution, we may assume that all these
equations have pairwise disjoint sets of explicit variables. But then, since Eq(K) is
closed under composition,

©(P1,js -+ »Pnj) B @(d1,j5- - »dn,j) € Eq(K).

Therefore, taking a valuation v : X — A such that its restriction to every var (p; ;)U
var (q; ;) is equal to the corresponding restriction of v; ;, we have that

(SDF(GLJG s ’QHJ)WQF(GLJ-HvF' .- 7an7j+1)) P
= (e(P1j>- -+ Pnyj) (V) 0(A15 - 5 Anyg)” (v)) € €(K)

for every j = 0,...,m — 1. Then, finally,

(% (a1, s an), ¥ (b1, b)) = (PF (@105 oo 5 000)s @ (@1my - ) € O(K).

Thus, §(K) is indeed a congruence on F.

We show now that F/H(IC) satisfies Eq(K). Let p =~ q € Eq(K), say with
var (p)Uvar (q) = {z1,...,2,}, and let ([c1]g,. .., [cn]s) be any n-tuple of elements
of F/H(IC)'

Since F is generated by A, for every ¢; there exists a term p; and a valuation

v; : X — A such that ¢; = pZF('vZ-); as before, we may assume that the sets of
variables of these terms are pairwise disjoint. Then

p(z1/P1,s--+,Tn/Pn) 2 q(z1/P1,- -, 20/Pn) € Eq(K).



But now, taking a valuation v : ¥ — A such that its restriction to every var (p;)
is equal to the corresponding restriction of »;, we have that
Fler, ..o en),af (et . 5en))
= (P(Qfl/Pla cee 7$n/Pn)F(U)7 Q(fl/Ply fee 7$n/Pn)F(U)) € 5(IC)7

(p

and therefore
pF/g([Cl]ﬁa ey [Cn]ﬂ) = qF/e([Cl]ﬂa ey [Cn]ﬁ)-
This implies that F/H(IC) satisfies p = q.

Finally, let f : F — B be any homomorphism with B € K. Then obviously
6(K) C ker f, and therefore there exists a unique homomorphism f : F/H(/C) — B

such that f = fonat g(k)- This means that natgx): F — F/H(/C) is a K-reflection

of F. Since F is a free completion of A, nat gcyoia: A — F/H(/C) is a K-reflection
of A. O

The next two corollaries are simple consequences of the previous two lemmas.

Corollary 11. With the notation and assumptions of Lemma 10, A € 5,(K) if
and only if 6(K) N A2 = A4 (the diagonal on A). O

Corollary 12. If K is a total variety and A satisfies Eq(K) strongly, then A €
Sw(K).

Proof. 1f A is a strong model of Eq(K), then, for every (a,b) € ¢(K), b = a whenever
a € A. This clearly implies that #(K) N A% = A4, and the last corollary applies. O

In order to simplify the notation in the statement of the next result, we introduce

the concept of relative prefizes of two ¥-terms. A term t = t(zq,...,2,) € Tg(X)
(with explicit variables z1,...,z,) is a common suffiz of two terms p,q € Tx(X)
when there exist terms p1,...,Pn,q1,---,d, such that

P= t(éfl/Pla- .. 7$n/Pn)a q= t(*rl/qla' .. 7*rn/qn)

In this case, (p1,q1),-- ., (Pn,dn) are called the pairs of relative prefizes of the pair
(p,q) with respect to t.

Theorem 13. Let A be a partial >-algebra and K a variety of total >-algebras.
Then, A € 5,(K) if and only if A satisfies all quasi-equations of the form

k—1 1y

(Po~pPoAar~arA /\ )\ @i = Pjt11) = Po = ax,
7=01=1



where, for some sequence of equations

POQQprleh---7Pk%Qk€EQ(IC)7 kZOa

with pairwise disjoint sets of explicit variables (i.e., such that (var (p;) Uvar (q;)) N
(var (p;) U var (a7)) = 0 for every i # )

(@15 Pj41,1)5 - -+ 5 (Ajimy » Pit1,m,)

are the pairs of relative prefizes of (q;,p;+1) with respect to some common suffiz,
for every j =0,...,k—1.

Proof. The “only if” implication is straightforward, because every algebra in K
satisfies all quasi-equations of the form given in the statement, and the satisfaction
of such quasi-equations is preserved by weak subalgebras.

As for the “if” implication, by Corollary 11 it is enough to prove that if A satisfies
all quasi-equations of the form given in the statement, then ()N A% = A4, where
6(K) is the congruence on the free completion F of A defined in Lemma 10.

So, let (a,a’) € 8(K) with a,a’ € A. Then, there exist
(b07b1)7(b17b2)7"' 7(bk7bk+1) € 5(IC)7 k > 07

such that @ = by and @’ = bg41; without any loss of generality we shall assume that
no other b; in this sequence of pairs belongs to A.

By the definition of ¢(K), there exist equations pg = qo, P1 & q1, ..., Pk = Qi in
Eq(K) (and, as always, we shall assume their sets of explicit variables to be pairwise
disjoint) and valuations vg,...,v; : X — A such that, for every i =0,... £,

(bi, biz1) = (T (vi), af (vi)).-

Since A is an initial segment of F, by, bx+1 € A implies by = pOA('vo) and bgyq =
q,{:‘('vk). Moreover, from the other Peano axioms satisfied by the free completion F
of A (see [2] or [6]), we deduce that if qf('vj) = pf_l_l('vj_,_l) =bj11 ¢ A, then there
is a common suffix t; of q; and p;4; such that, if

(@15 Pj41,1)5 - -+ 5 (Ajiny » Pitm,)

are the pairs of relative prefixes of (q;,p;+1) with respect to t;, then (]}-A‘l(vj) and
ﬁﬁl’l('vj+1) are defined and equal for every [ = 1,...,n; (grosso modo, if qf(vj) =
pfﬂ('vj“) ¢ A, then both must be equal to the same term, a common suffix t; of
q; and p;41, applied in F to the same elements of A, given by the application in A
of the relative prefixes of q; and p;4; with respect to this common suffix to »; and
vj41, respectively).



Let now v : X — A be a valuation such that its restriction to every var (p;) U
var (q;) is equal to the restriction of v; to this set. We have that

k=1 ny

(A, v) EpoRPoAGr R qi A /\ /\ qj,i ~ Pj+1,-
7=01=1

Then, by hypothesis,
(A, v) F Po~ qk
and therefore
a=po(vo) = Py (v) = 4k (v) = af (vp) = o/,

as we wanted to prove. ]

2 When is 5,(K) weak equational?

In this section we discuss some conditions for a class 5,,(K) of all “approximations”
of algebras in a total variety K to be weakly equational. As we have seen in Section
1, all members of 5,,(K) are weak models of the equational theory Eq(K) of K.
However, Examples 4 and 5 showed that, in general, not every weak model of

Eq(K) belongs to 5, (K).

Lemma 14. Let K be a variety of total algebras. Then Mod,,(Eq(K)) = HS,(K).

Proof. By Andréka-Németi’s general characterization theorem of model classes [1,

§3, Th. 1], A € HS5,(K) if and only if
Al (p~pAgqr~aqA \pj~p)—pP~q
jed

for every such quasi-equation satisfied in K, which in this case means, K being a
total variety, simply that p = q € Eq(K). Since the weak satisfaction of an equation
p =~ q is nothing but the satisfaction of the quasi-equation

(pPpPAq=~q)—=>p~rq,

it is clear that A € HS,(K) if and only if A satisfies weakly all equations in
Eq(K). O

This result yields a general necessary and sufficient condition on 5,,(K) to be
weak equational.



Proposition 15. Let K be a variety of total algebras. The following conditions are
equivalent.

i) Su(K) is a weak equational class.
ii) Sy (K) = Mod,, (Eq(K)).

iii) Sy (K) is closed under closed homomorphic images.

Proof. Notice that if £ is the weak equational theory of 5,,(K) then & = Eq (K)
(since K C §,(K), we have £ C Eq (K), and since weak satisfaction is preserved by
weak subalgebras, Eq (K) C £). Therefore, 5,,(K) is weak equational if and only
if 5,,(K) = Mod,,(Eq (K)), which proves the equivalence between (i) and (ii). The
equivalence between (ii) and (iii) is now a consequence of Lemma 14. O

This proposition, together with Theorem 13, can be used to show that some
specific total varieties do not have their weak hereditary classes weak equational.
We end this paper with some examples.

Example 16. Let 3 be a monounary type of algebras with operation symbol ¢,
and let K be a total variety of ¥-algebras. Then Eq(K) is generated by a single
equation: if K is regular, then K = Mod,(¢"(z1) = ¢*(z1)) for some r > s > 0, and
if K is irregular, then K = Mod,(¢"(z1) = ¢"(z2)) for some r > 0; see [4].

In the regular case, i.e., when K = Mod;(¢"(z1) = ¢*(21)), Sw(K) is weak
equational if and only if r = s or r = s 4+ 1. To prove this, we distinguish the
following three cases:

e Assume first that r > s+ 1. Consider the relative subalgebra A of the
Y-term algebra Tx({z,y}) supported on the initial segment determined by
{¢" Y (z), "~ (y)}; it is easily seen to be a weak subalgebra of the K-free alge-
bra generated by {z,y}. Let 8 denote the equivalence relation on A identifying
¢"~!(z) and ¢"1(y). Itis a closed congruence on A, and thus A /y € HS,,(K).
But A/H ¢ 54 (K), because it does not satisfy the quasi-equation

(¢°(01) % ¢ (21) A9 (22) = 9 (22) A @ (21) = 97 (22))
= ¢*(21) = ¢*(29),
obtained from the equations ¢*(z1) = ¢"(z1) and ¢"(z3) = ¢°(z2) as in
Theorem 13, with respect to any valuation v : X — A/ such that v(z;) = [z]g
and v(z2) = [y]s-
So, if r > s+ 1, 5, (K) is not closed under closed homomorphic images, and
therefore it is not weak equational.

o If r = s, then K is the class of all ¥-algebras, and therefore 5,,(K) is the (weak
equational) class of all partial ¥-algebras.



e Finally, if r = s + 1, then completing any weak model A of ¢**1(z) ~ ¢*(z)
by adding a ¢-loop to every point where ¢® is not defined, yields a total
Y-algebra satisfying ¢**t!(z1) & ¢*(z1), i.e. an algebra in K. So, in this case
every weak model of Eq(K) is in 5,,(K), which implies that the latter is a
weak equational class.

In the irregular case, i.e., when K = Mod(¢"(z1) = ¢"(22)) for some r > 0,
Sw(K) is always a weak equational class, because any weak model A of ¢"(z) =
©"(y) can be extended to a total algebra A satisfying it. To prove it, we have to
distinguish three cases:

o If » = 0, then A is a trivial algebra and K is the class of all trivial total
algebras, and then any inner completion of A belongs to K.

e If 7 > 0 and (¢*)"(a) is defined for some a € A, then add c,oK(a') = (¢™)"(a)
for every a’ & dom ®, and the resulting A satisfies ¢" (1) = ¢"(22).

e Ifr > 0 and dom (¢*)" = {), then take any ag ¢ dom ¢* and add @K(a') = ag
for every a’ ¢ dom ¢ (including ag itself). Again, the resulting A satisfies
¢ (z1) = ¢"(z2).

In a subsequent paper we plan to characterize those of varieties of total algebras
of an arbitrary unary type whose weak hereditary class is weak equational.

Example 17. Let ¥ be a type of algebras with only two operation symbols x
and 4, both binary, and let K be the total variety of X-algebras defined by the
absorption equation z; + (21 * 23) & z1. The weak hereditary class 5,,(K) is weak
equational. Indeed, for every partial Y-algebra A, let A be its completion defined
in the following way:

o A= AU{ag} for some ag ¢ A.
e For every z,y € A, if z + y is not defined in A, then z %y = ag in A.
e For every z,y € A, if 2 + y is not defined in A, then z +y = z in A.

It is straightforward to check that if A satisfies weakly z1 + (21 * z2) = z1, then
A € K and hence A € 5,(K).

Let now K’ be the total variety of Y-algebras defined by both absorption equa-
tions
z1 + (:61 * ;732) ~ I, T1* (:61 + $2) ~ 1.
Then, 5,(K’) is not weak equational. Indeed, let A be a partial ¥-algebra with
carrier A = {a, b}, operation + totally defined by

ata=a+b=bb+ta=b+b=aqa,

10



and operation x discrete. It is clear then that A is a weak model of Eq(K’). But no
completion of A belongs to K/, because in any extension of it satisfying the equation
z1 % (21 4+ z2) = z1 it would happen that ¢ xb = a x (a+ b) = @ in it, and then this
extension would not satisfy the other absorption equation, since it would happen

that a4+ (a+xb) =a+a =b.

In next example we shall use the following easy result.

Proposition 18. Let X be a type of algebras and X9 C X a subtype of it. Let K be
a variety of total X-algebras,

Eo={p~=qe€EqK)]|p,q Xo-terms},

and Ko = Mod(&) the variety of total Yo-algebras defined by . If Sy (K) is weak

equational, then S, (Ko) is weak equational.

Proof. Notice that, & being closed under Birkhoff’s equational logic rules, & =
Eq(Ko). Let now A be a weak model of &), and let A be the partial ¥-algebra
whose Yg-reduct is A and where all realizations of operation symbols not belonging
to g are discrete. This Y-algebra A is a weak model of Eq(K) and therefore, by
assumption, it is a weak subalgebra of a total X-algebra B in K. Then, A is a weak
subalgebra of the ¥y-reduct of B, which belongs to K. O

Example 19. Let X be a type of algebras with only one operation symbol %, which
is binary, and let K be the class of all semigroups: i.e., the total variety of 3-algebras
defined by the equation zy * (2 * 23) ~ (21 * 22) * z3. Let us see that 5,,(K) is not
weak equational.

Consider the relative subalgebra A of the ¥-term algebra Tx ({z1, z2, 23, Y2, y3})
supported on the initial segment A generated by

(961 * $2) * X3, (561 * y2) * Y3, T *x T3, Y2 * Y3,

and let 8 be the equivalence relation on A that identifies x5 *x x5 with g9 * y3. It is
straightforward to prove that A is a weak subalgebra of the free semigroup generated
by {z1, 29, 23,y2,¥s}, and that 6 is a closed congruence on A. But A/g ¢ Su(K),
because it does not satisfy the quasi-equation

((ml*xg)*mgz(331*:62)*333/\(:64*;105)*:66z(:v4*:v5)*:c6

AZT9 % T3 = T *x6>—> (21 % x2) % 23 & (T4 * T5) * T
w.r.t. any valuation v: X — A/g defined by

T, 24— [21]9, T2 > [22]g, 23— [23]0, 25 = [Y2]e, 26— [y3]o-

11



Therefore, 5,,(K) is not closed under closed homomorphic images and thus it is not
weak equational.

Using the last proposition, it also implies that the weak hereditary classes of
the varieties of monoids and groups are not weak equational. To cover the cases of
abelian groups, rings, lattices, etc., we must prove that the weak hereditary class of
the variety of abelian semigroups

K' = Mod;(z1 * (z9 * T3) & (z1 * T2) * T3, 71 * Ty X T X T1)
is not weak equational either. To do it, we can use an argument similar to the

previous one.

Let Koy = Mod (2122 & z2x21): its weak hereditary class is clearly weak equa-
tional. Let F,p be the K p-free algebra generated by the set G = {xy, x9, 23, ¥2, y3},
let A be the relative subalgebra of F,; supported on the set A consisting of G and
the elements

T1 % T2,T1 *Y2,T2 * T3,Y2 * Y3, (961 * 962) * T3, (961 * yz) * Y3,

and let 8 be the equivalence relation on A that identifies x5 x x5 with g9 * y3. It is
straightforward to prove that A is a weak subalgebra of the free abelian semigroup
generated by {z1, 29, 23, 92, 93}, and that 6 is a closed congruence on A. But A/H ¢
Sw(K'), because it does not satisfy the quasi-equation

(($1*$2)*$3%($1*$2)*$3/\($4*1‘5)*$6%($4*$5)*1‘6

ANTg *x Ty = Ty *$6>—> ($1 *562) * T3 ~2 ($4*$5) * Tg
with respect to any valuation v : X — A/@ such that

T, 24— [21]9, T2 > [22]0, T3> [23]0, T5 = [Y2]e, T6 — [y3]o.

Therefore, 5, (K’) is not closed under closed homomorphic images and hence it is
not weak equational.

To close this paper, let us point out the following straightforward consequence
of Corollary 11.

Corollary 20. Let K be a total variety. Then, with the notations of Lemma 10,
Sw(K) is a weak equational class if and only if for every partial algebra A, if e(K)N
A2 = Ay, then 0(K) N A2 = Ay. O

This result suggests that some sort of congruence extension property may be
relevant in the characterization of those total varieties whose weak hereditary class
is weak equational. The investigation of other congruence extension properties for
partial algebras has found applications in other, completely different, contexts [5].
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