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Abstract. Magarshak et al. represented an RNA molecule as a complex vector
x and an RNA secondary structure Γ as a complex matrix SΓ in such a way
that the molecule represented by x was compatible with the secondary structure
Γ if and only if SΓ ◦ x = x. They only considered Watson-Crick base pairs and
their representation cannot be extended to allow for G ·U pairs. In this paper
we study a generalization of Magarshak’s representation that allows for these
pairs, and in particular we provide a family of algebraic structures where that
generalization can be carried out. We also show that this representation can be
used to compare secondary structures, through transfer matrices which transform
the representation of one secondary structure into the representation of the other.

1. Introduction

An RNA (ribonucleic acid) molecule can be viewed as a chain of ribonu-
cleotides. Each ribonucleotide is characterized by the base attached to it,
which can be either adenine (A), cytosine (C), guanine (G) or uracil (U).
An RNA molecule is uniquely determined by the sequence of bases along its
chain, and it has a definite orientation. Thus, mathematically, an RNA
molecule with n nucleotides (or of length n) can be viewed as a word
b1b2 . . . bn ∈ {A,C,G,U}+, where each bi stands for the ith ribonucleotide,
or rather the corresponding base, of the molecule.

In the cell and in vitro, an RNA molecule folds into a three-dimensional
structure that determines its biochemical activity. This three-dimensional
structure is held together by weak interactions called hydrogen bonds be-
tween pairs of non-consecutive1 bases. Most of these bonds form between
Watson-Crick complementary bases, i.e., between A and U and between C
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1 Actually, a hydrogen bond can only form between bases that are at least
three ribonucleotides apart in the chain, but we shall not take this restriction into
account here.
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and G, but a far from negligible amount of bonds also form between other
pairs of bases, as for instance the G·U wobble pairs.

As different levels of precision are suitable for different problems, we can
sometimes forget about the detailed description of the three-dimensional
structure of an RNA molecule and simply focus our attention on its sec-
ondary structure: the set of its base pairs. A restriction must be added to
the definition of secondary structure: if two bases bi and bj are paired, then
neither bi or bj can bond with any other base. This restriction is called the
unique bonds condition.

So, roughly, a secondary structure of an RNA molecule of length n can
be represented as an undirected graph Γ with set of nodes {1, . . . , n} and
whose arcs (called contacts) satisfy the following two conditions: there is
no contact between two consecutive nodes, and every node is involved in at
most one contact. We shall consistently call such a graph an RNA secondary
structure.

During the last years, there has been an increasing interest in the repre-
sentation, at different levels of graining, of RNA and other biomolecules’
secondary structures [9,11]. In this line of research, Y. Magarshak and
his coworkers [4,7] represented an RNA molecule of length n as an n-
dimensional vertical vector of complex numbers x and an RNA secondary
structure Γ with n nodes as an n × n complex matrix SΓ , in such a way
that the molecule represented by the vector x was compatible with the
secondary structure Γ if and only if SΓ ◦ x = x. In that work, compatible
meant that any contact in the secondary structure paired two Watson-Crick
complementary bases in the molecule.

It is important to have an algebraic representation of secondary struc-
tures as matrices over fields, as this allows the creation of transfer matrices
that capture the difference between two structures. Once you have these
matrices, all the power of linear algebra is at your disposition to study such
difference. These kind of comparisons are essential to ascertain evolutionary
processes.

Reidys and Stadler [9] pointed out that Magarshak’s formalism did not
allow for G·U wobble pairs, thus corresponding to a non-realistic definition
of compatibility between sequences and secondary structures. This is unfor-
tunate, as these pairs have frequently high evolutionary conservation, to-
gether with unique chemical, structural, dynamic and ligand-binding prop-
erties [13]. Reidys and Stadler pointedly asked (op. cit.) whether there is a
framework in which Magarshak’s ideas can be extended such as to allow for
a more general logic of base pairing.

It turns out that such a framework does exist, provided one is willing
to use a general enough algebraic structure. In this paper we discuss this
problem in detail in the case of RNA secondary structures where G ·U
wobble pairs are allowed; the solution can be easily generalized to allow for
other non-Watson-Crick base pairings. The framework presented here allows
the creation of transfer matrices, that show how a secondary structure can
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transform into another, together with a convenient way of measuring the
difference between secondary structures.

We are working on a general formalism, corresponding to contact struc-
tures not necessarily satisfying the unique bonds condition and having possi-
bly different types of contacts. This general formalism can be used to model
tertiary structures of RNA or proteins. It will be presented some time in
the near future.

Acknowledgements. We thank the anonymous referees for their comments, which
have led to a substantial improvement of this paper. This work has been partially
supported by the Spanish DGES, grant BFM2000-1113-C02-01.

2. What do we mean by an algebraic representation of RNA

secondary structures

Let us start by introducing the formal definition of RNA secondary structure
to be used in this paper. From now on, we denote by [n] the set {1, . . . , n}
for every positive integer n.

Definition 1. An RNA secondary structure is an undirected graph without
multiple edges or self-loops Γ = ([n], Q), for some n ≥ 1, whose arcs {j, k} ∈
Q, called contacts, satisfy the following two conditions:

i) For every j ∈ [n], {j, j + 1} /∈ Q.
ii) For every j ∈ [n], if {j, k}, {j, l} ∈ Q, then k = l.

Condition (i) translates the impossibility of a contact between two con-
secutive bases, while condition (ii) is the aforementioned unique bonds con-
dition. We shall denote a contact {j, k} by j ·k or k ·j, without distinction.
A node i ∈ [n] is said to be isolated when it is not involved in any contact.

Notice that our abstract definition of secondary structure is not the usual
one, as the latter forbids the existence of pseudoknots: pairs of contacts
{i, j} and {k, l} such that i < k < j < l. Thus, our term “RNA secondary
structure” should be taken as an abbreviation for “RNA secondary structure
with arbitrary knots,” and it should be clear that it corresponds rather to
what in the literature on secondary structure modelling has been called
contact structures with unique bonds [9] or 1-diagrams [3].

In [4,7], and following a well-established tradition in spectral graph the-
ory (see [1, p. 2]), Magarshak and his coworkers represented an RNA sec-
ondary structure Γ = ([n], Q) as the n × n complex symmetric matrix

SΓ =






s1,1 . . . s1,n

...
. . .

...
sn,1 . . . sn,n






where

sj,k =







−1 if j 6= k and j ·k ∈ Q
1 if j = k and j ·l /∈ Q for every l
0 otherwise
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It is straightforward to prove that SΓ ◦SΓ = Idn, the n×n identity matrix.
On the other hand, they used the correspondence

A 7→ i, C 7→ −1, G 7→ 1, U 7→ −i

to represent an RNA molecule b = b1b2 . . . bn as a complex vector

x =






x1

...
xn




 ∈ C

n.

These representations had the following key property:

for every RNA molecule b = b1b2 . . . bn of length n and for every
RNA secondary structure Γ = ([n], Q), if x ∈ C

n is the complex
vector representing b, then SΓ ◦ x = x if and only if b is compatible
with Γ , in the sense that if j·k ∈ Q, then either {bj , bk} = {A,U} or
{bj , bk} = {C,G}.

Our goal is to define a representation of RNA secondary structures and
molecules in the same spirit, but so that the notion of compatibility of a
molecule b with a structure Γ includes G·U wobble pairs, i.e., the possibility
that if j ·k ∈ Q, then {bj , bk} can also be {G,U}. To do so, our plan is to
represent RNA secondary structures and molecules as matrices and vectors
with entries in what we shall call a qs-ring.

Definition 2. A quasi-semiring (a qs-ring, for short) is an algebraic struc-
ture (X,+, ∗, 0, 1) in which (X, +, 0) is a commutative monoid, (X, ∗, 1)
is a monoid, and 0 ∗ x = x ∗ 0 = 0 for every x ∈ X. Such a qs-ring is
commutative when ∗ is commutative.

The product A ◦ B of two matrices

A =






a1,1 . . . a1,m

...
. . .

...
an,1 . . . an,m




 B =






b1,1 . . . b1,p

...
. . .

...
bm,1 . . . bm,p






with entries in a qs-ring (X,+, ∗, 0, 1) is the matrix

A ◦ B =






c1,1 . . . c1,p

...
. . .

...
cn,1 . . . cn,p






with cj,k = aj,1 ∗ b1,k + aj,2 ∗ b2,k + · · · + aj,m ∗ bm,k for every j = 1, . . . , n,
k = 1, . . . , p.

Semirings (and in particular rings and fields) and bounded lattices are
specific examples of qs-rings: Appendix A is a reminder of the definitions of
these and other algebraic structures appearing in this paper.
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The choice of qs-rings from the start as our target algebraic structure is
a compromise between generality and our goals: we need two binary oper-
ations, + and ∗, in order to use matrix products; it is useful that the sum
+ be associative and commutative to compute the product of two matrices
in a safe way; we want to have two elements 0 and 1 so that

(

j−1
︷ ︸︸ ︷

0, . . . , 0, 1, 0, . . . , 0) ◦






x1

...
xn




 = xj ,

which motivates to take 0 and 1 as the neutral elements of + and ∗, respec-
tively, and to impose 0 ∗ x to be always 0; and, finally, we ask the product
∗ to be associative because this restriction turns out to do no harm.

Once chosen a suitable qs-ring and four suitable pairwise different ele-
ments a, c, g, u in it, we shall use the coding

A 7→ a, C 7→ c, G 7→ g, U 7→ u

and we shall represent an RNA molecule b = b1 . . . bn of length n by an
n-dimensional vertical vector x with entries in {a, c, g, u}. Also, we will
represent an RNA secondary structure Γ = ([n], Q) as the n×n symmetric
matrix

SΓ =






s1,1 . . . s1,n

...
. . .

...
sn,1 . . . sn,n






where

sj,k =







β if j 6= k and j ·k ∈ Q
0 if j 6= k and j ·k /∈ Q
α if j = k and j ·l ∈ Q for some l
1 if j = k and j ·l /∈ Q for every l

for some suitable elements α, β of the qs-ring.

A G G A
A

UUC
A G G A A U U C

¨ ¥® ©¶ ³

Fig. 1. Short RNA strand with its secondary structure shown graphically and
schematically.

As an example, let us consider the seecondary structure of the short
RNA strand shown in Figure 1. The structure of this strand of length 8 will
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be represented by the following 8 × 8 matrix:

SΓ =















1 0 0 0 0 0 0 0
0 α 0 0 0 0 0 β
0 0 α 0 0 0 β 0
0 0 0 α 0 β 0 0
0 0 0 0 1 0 0 0
0 0 0 β 0 α 0 0
0 0 β 0 0 0 α 0
0 β 0 0 0 0 0 α















So, our goal becomes to look for a qs-ring M = (M,+, ∗, 0, 1) and six
elements α, β, a, c, g, u in it such that, with the given coding and matrix
representation, SΓ ◦ x = x holds if and only if b is compatible with Γ , now
in the sense that if j ·k ∈ Q, then {bj , bk} = {A,U}, {C,G} or {G,U}.

It is straightforward to check that this equivalence holds if and only if
the following conditions are satisfied in M:

(1) α ∗ a + β ∗ u = a
(2) α ∗ u + β ∗ a = u
(3) α ∗ u + β ∗ g = u
(4) α ∗ g + β ∗ u = g
(5) α ∗ g + β ∗ c = g
(6) α ∗ c + β ∗ g = c
(7) α ∗ a + β ∗ g 6= a or α ∗ g + β ∗ a 6= g
(8) α ∗ a + β ∗ c 6= a or α ∗ c + β ∗ a 6= c
(9) α ∗ u + β ∗ c 6= u or α ∗ c + β ∗ u 6= c
(10) α ∗ a + β ∗ a 6= a
(11) α ∗ u + β ∗ u 6= u
(12) α ∗ g + β ∗ g 6= g
(13) α ∗ c + β ∗ c 6= c

Pairs of conditions (1) and (2), (3) and (4), and (5) and (6) allow, respec-
tively, the base pairings A·U , G·U , and G·C, while the remaining conditions
(7) through (13) forbid all other base pairings.

Recall that, in Magarshak’s representation, α and β were taken to be
0 and −1, respectively. This choice is incompatible with our conditions, as
the following easy lemma shows.

Lemma 3. The elements α and β must be different from 0 as well as dif-
ferent from each other.

Proof. If α = 0, then equalities (1) and (4) imply that a = β ∗ u = g. If
β = 0 then, for instance,

α ∗ a + β ∗ c = α ∗ a = α ∗ a + β ∗ u = a
α ∗ c + β ∗ a = α ∗ g = α ∗ g + β ∗ u = c,

against condition (8). Finally, if α = β, then a = α∗a+β∗u = β∗a+α∗u = u.
ut
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3. What cannot be done

Let us discuss now the possibility of using algebraic structures richer (in
properties) than bare qs-rings in our representation of RNA secondary struc-
tures. To begin with, the next two results exclude rings and bounded lattices.

Proposition 4. Let M = (M,+, ∗, 0, 1) be a qs-ring and let α, β, a, c, g, u
be any elements in it satisfying equalities (1) through (6) above. If (M,+, 0)
is a group, then they do not satisfy condition (8).

Proof. Assume that (M,+, 0) is a group. From equalities (2) and (3) we
obtain that β ∗a = β ∗g, while equalities (4) and (5) imply that β ∗u = β ∗c.
Then, using (1), (6) and these two last equalities, we deduce that

α ∗ a + β ∗ c = α ∗ a + β ∗ u = a

α ∗ c + β ∗ a = α ∗ c + β ∗ g = c

as we claimed. ut

Proposition 5. Let M = (M,+, ∗, 0, 1) be a qs-ring and let α, β, a, c, g, u
be any elements in it satisfying equalities (1) through (6) above. If M is a
bounded lattice, then they do not satisfy condition (8).

Proof. Let ≤ be the partial order on M associated to this lattice. Then,

(1) implies β ∗ u ≤ a (2) implies β ∗ a ≤ u
(3) implies β ∗ g ≤ u (4) implies β ∗ u ≤ g
(5) implies β ∗ c ≤ g (6) implies β ∗ g ≤ c

and thus

β ∗ a ≤ u, β ∗ u ≤ α ∗ g, β ∗ g ≤ u ∗ c, β ∗ c ≤ g.

Then
β ∗ a ≤ β ∗ u ≤ β ∗ α ∗ g ≤ β ∗ a

implies
β ∗ a = β ∗ u ≤ β ∗ g.

In a similar way,
β ∗ c ≤ β ∗ g ≤ β ∗ u ∗ c ≤ β ∗ c

implies
β ∗ c = β ∗ g ≤ β ∗ u.

Combining these equalities and inequalities we obtain

β ∗ a = β ∗ u = β ∗ g = β ∗ c,

from where, using (1) and (6), we finally deduce

α ∗ a + β ∗ c = α ∗ a + β ∗ u = a
α ∗ c + β ∗ a = α ∗ c + β ∗ g = c

as we claimed. ut
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After these first two negative results, let us further analyze our setting,
to impose some more conditions on our qs-ring M.

First, although M = (M,+, ∗, 0, 1) cannot be a ring, we ask it to extend
a field M0 = (M0,+, ∗, 0, 1) and that the elements α, β belong to this field.
This is done so that the operations only involving matrices SΓ are safely
carried out in this field (see Sect. 5), forgetting about the limitations of the
qs-ring, which would only appear when RNA molecules are also considered.

Second, we can also impose, as in Magarshak’s approach, that SΓ ◦SΓ =
Id. A simple computation shows that

SΓ ◦ SΓ =






a1,1 . . . a1,n

...
. . .

...
an,1 . . . an,n






where

aj,j =

{
1 if j ·l /∈ Q for every l
α2 + β2 if j ·l ∈ Q for some l

aj,k =

{
α ∗ β + β ∗ α if j ·k ∈ Q
0 otherwise

where, of course, x2 stands for x∗x. Therefore, we require the following two
extra conditions

(14) α2 + β2 = 1
(15) α ∗ β + β ∗ α = 0

to hold in the field M0.

Lemma 6. If a field M0 contains two elements α, β 6= 0 such that α2+β2 =
1 and α ∗ β + β ∗ α = 0, then M0 has characteristic 2 and α + β = 1.

Proof. ¿From α2 +β2 = 1 and α∗β+β ∗α = 0 we deduce that (α+β)2 = 1.
Then

(1 + (α + β)) ∗ (1 − (α + β)) = 1 − (α + β)2 = 0

implies that α + β = ±1. But then β = ±1 − α and

0 = α ∗ β + β ∗ α = 2α(±1 − α).

If the field M0 is not of characteristic 2, then α = 0 or α = ±1, which
contradicts the assumption α, β 6= 0. Thus, M0 is a field of characteristic 2
and α + β = ±1 = 1. ut

Notice, in connection with this result, that if M0 is a field of charac-
teristic 2 and α, β ∈ M0 are such that α + β = 1, then α2 + β2 = 1,
too.

Finally, we have still another negative result, which excludes semirings.

Proposition 7. Let M = (M,+, ∗, 0, 1) be a qs-ring extending a field M0

and let α, β ∈ M0 and a, c, g, u ∈ M be elements satisfying conditions (1)
through (15) above. If the distributive laws

x ∗ (y + z) = x ∗ y + x ∗ z and (y + z) ∗ x = y ∗ x + z ∗ x

hold in M for every x, y, z ∈ M , then a = u.
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Proof. Assume that M0 is a field (of characteristic 2) and that the opera-
tions in M satisfy the distributive laws. Multiplying both sides of α∗a+β ∗
u = a by the inverse β−1 of β in M0, we obtain that (β−1∗α)∗a+u = β−1∗a.
Then

u = (β−1 ∗ α + β−1 ∗ α) ∗ a + u = β−1 ∗ α ∗ a + β−1 ∗ α ∗ a + u
= β−1 ∗ α ∗ a + β−1 ∗ a = β−1 ∗ (α + 1) ∗ a = β−1 ∗ β ∗ a = a

as we claimed. ut

4. A family of solutions

Summarizing the previous two sections, we are looking for qs-rings M ex-
tending fields M0 and containing six elements α, β, a, c, g, u ∈ M (with
α, β ∈ M0 − {0} different from each other and a, c, g, u pairwise different)
satisfying conditions (1) through (15). We already know that M can be
neither a semiring nor a bounded lattice, and that M0 must be of charac-
teristic 2. In this section we show that every finite field F2m of characteristic
2 (except F2, which does not contain two elements different from 0) can be
extended to a commutative qs-ring Mm solving our problem.

Let us quickly recall that F2 is simply the quotient ring Z/2Z (with ele-
ments 0, 1) and, for m ≥ 2, the field F2m is commutative, has 2m elements,
and it is obtained as a quotient F2[x]/〈qm(x)〉, where qm(x) is a primitive ir-
reducible polynomial of degree m over F2 (see [5, Chap. 3]). Recall moreover
that (F2m − {0}, ∗, 1) is a cyclic group generated by the class of x modulo
qm(x).

The extension of a field F2m , m ≥ 2, to a commutative qs-ring Mm

containing four elements a, c, g, u that satisfy conditions (1) through (13)
with respect to two suitable elements α, β ∈ F2m −{0} such that α2+β2 = 1
(or, equivalently, such that α + β = 1) is defined in the following way:

(1) We take α to be the class of the variable x in F2[x] modulo the specific
primitive polynomial qm(x) used to define F2m .

(2) We take as β the element α+1 in F2m . Since (F2m −{0}, ∗, 1) is a cyclic
group with 2m − 1 elements generated by α, and since the polynomial
qm(x) is irreducible, we have that β = α`m for some exponent n ≤ `n ≤
2m − 2. The following table lists some pairs (qm(x), `m).

m qm(x) `m

2 x2 + x + 1 2
3 x3 + x2 + 1 5
4 x4 + x + 1 4
5 x5 + x2 + 1 18
6 x6 + x + 1 6
7 x7 + x + 1 7

(3) The carrier set Mm of the qs-ring Mm is the (disjoint) union of F2m

and a finite set

Xm = {a, c, g, u} ∪ {aj , cj , gj , uj | j = 1, . . . , 2m − 2} ∪ {z};
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the extra element z is actually only needed for m = 2, but for homo-
geneity we add it in all cases.

(4) The product ∗ on Mm is defined as follows:
– ∗ is taken to be commutative;
– x ∗ y = 0 for every x, y ∈ Xm;
– the product of elements of F2m is the usual one;
– 0 ∗ x = 0 and 1 ∗ x = x for every x ∈ Xm;
– the product of elements of Xm by α

Xm → Xm

x 7→ α ∗ x

is given by the permutation on Xm of order 2m − 1

(a, a1, a2, . . . , a2m−2) · (c, c1, c2, . . . , c2m−2)
·(g, g1, g2, . . . , g2m−2) · (u, u1, u2, . . . , u2m−2),

i.e.,

α ∗ a = a1, α ∗ a1 = a2, . . . , α ∗ a2m−3 = a2m−2, α ∗ a2m−2 = a

and similarly for c, g and u, and α ∗ z = z.
– for every λ ∈ F2m − {0, 1, a}, if l is the unique exponent between 2

and 2m − 2 such that λ = αl, then

λ ∗ x =

l
︷ ︸︸ ︷

α ∗ (α ∗ · · · (α ∗x) · · ·) for every x ∈ Xm;

in particular

β ∗ a = a`m
, β ∗ c = c`m

, β ∗ g = g`m
, β ∗ u = u`m

.

(5) The sum + on Mm is defined as follows:
– + is taken to be commutative;
– the sum of elements of F2m is the usual one;
– λ + x = x for every λ ∈ F2m and x ∈ Xm;
– conditions (1) through (6), together with the commutativity of +,

yield
a1 + u`m

= u`m
+ a1 = a

u1 + a`m
= a`m

+ u1 = u
u1 + g`m

= g`m
+ u1 = u

g1 + u`m
= u`m

+ g1 = g
g1 + c`m

= c`m
+ g1 = g

c1 + g`m
= g`m

+ c1 = c

– all other sums x + y with x, y ∈ Xm are defined to be equal to a
fixed element in Xm different from

a, c, g, u, a1, c1, g1, u1, a`m
, c`m

, g`m
, u`m

;

for homogeneity, we choose z as this element.
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Theorem 8. The algebraic structure Mm = (Mm,+, ∗, 0, 1) defined in this
way is, for every m ≥ 2, a qs-ring extending F2m , and the elements a, c, g, u,
α, β in it satisfy conditions (1) through (15).

Proof. The only property that is not straightforward to prove is the associa-
tivity of the sum, but it is a direct consequence of the fact that “one-point
completions preserve strong equations”: see [12, Thm. 5.1]. ut

Remark 9. These algebras can be easily modified in order to cope with other
non-canonical base pairings. For instance, assume that we want to allow also
sheared G·A base pairings, which are not uncommon [14]. Then, we must
replace condition (7) by its negation

α ∗ a + β ∗ g = a and α ∗ g + β ∗ a = g.

The effect on Mm is that, instead of defining the sums a1 + g`m
, g`m

+ a1,
g1 + a`m

, and a`m
+ g1 to be equal to z, we must redefine them as

a1 + g`m
= g`m

+ a1 = a, g1 + a`m
= a`m

+ g1 = g

without changing anything else. The new algebraic structure on Mm defined
in this way is still a qs-ring, and now, with the given coding and matrix
representation, SΓ ◦ x = x holds in this qs-ring if and only if every contact
in the structure corresponds to a base pairing A·U , C ·G, G·U , or G·A in
the molecule.

These algebras can also be easily modified in order to cope with ex-
tended sets of ribonucleic bases and base pairings. For instance, the base
pairing among the synthetic bases xanthine and 2,6-diaminopyrimidine has
been considered both in the biochemical [8] and in the secondary structure
modelling [2] literature. In order to model RNA molecules as words over
the alphabet {A,C,G,U,X,K} (where now X stands for xanthine and K
for 2,6-diaminopyrimidine) and to allow A· U , C · G, G· U , and X · K base
pairings, it is enough:

– to add new elements

{x, k} ∪ {xj , kj | j = 1, . . . , 2m − 2}

to Mm, where x and k will, of course, encode the new bases X and K,
respectively;

– to define the product of these new elements by α by means of the per-
mutations

(x, x1, x2, . . . , x2m−2), (k, k1, k2, . . . , k2m−2)

as we already did with the “old” elements in Xm;
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– to define

x1 + k`m
= k`m

+ x1 = x, k1 + x`m
= x`m

+ k1 = k

and all other new sums to be equal to z: this will impose that

α ∗ x + β ∗ k = x, α ∗ k + β ∗ x = k,

and that no other relation of this kind is added.

The new algebraic structure defined in this way is again a qs-ring, and
now, with the given coding and matrix representation, SΓ ◦ x = x holds in
this qs-ring if and only if every contact in the structure corresponds to an
allowed base pairing in the molecule.

5. Transfer matrices

Let F2m be a finite field of characteristic 2 with m ≥ 2, and let α, β ∈ F2m be
the elements used in the last section to define the matrices SΓ . To simplify
the notations, throughout this section we shall omit the symbol ∗ to denote
the product in this field, thus writing xy instead of x ∗ y; we shall assume
that all RNA secondary structures appearing in this section have the same
number n of nodes; and given an RNA secondary structure Γ = ([n], Q)
and a node i ∈ [n], we shall denote Q(i) = {j ∈ [n] | i·j ∈ Q}.

Definition 10. The transfer matrix TΓ1,Γ2
of two RNA secondary struc-

tures Γ1 and Γ2 is TΓ1,Γ2
= SΓ2

◦ SΓ1
.

Since SΓ2
= (SΓ2

◦ SΓ1
) ◦ SΓ1

, this transfer matrix TΓ1,Γ2
converts the

matrix representation of Γ1 into the representation of Γ2:

TΓ1,Γ2
◦ SΓ1

= SΓ2
.

The next lemma collects some basic compositional properties of these
transfer matrices.

Lemma 11. Let Γ1, Γ2, Γ3 be any RNA secondary structures.
i) TΓ1,Γ1

= Id.
ii) TΓ1,Γ3

= TΓ2,Γ3
◦ TΓ1,Γ2

.
iii) TΓ2,Γ1

= (TΓ1,Γ2
)−1 = (TΓ1,Γ2

)t. In particular, det(TΓ1,Γ2
) = 1. ut

An elementary but tedious computation (which we leave to the reader)
produces the following explicit description of the transfer matrix TΓ1,Γ2

.

Proposition 12. Let Γ1 = ([n], Q1) and Γ2 = ([n], Q2) be two RNA sec-
ondary structures. Then

TΓ1,Γ2
=






t1,1 . . . t1,n

...
. . .

...
tn,1 . . . tn,n





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where, for every i = 1, . . . , n,

ti,i =







1 if Q1(i) = Q2(i)
α if Q1(i) = ∅ and Q2(i) 6= ∅

or Q1(i) 6= ∅ and Q2(i) = ∅
α2 if Q1(i), Q2(i) 6= ∅ and Q1(i) 6= Q2(i)

and, for every 1 ≤ i 6= j ≤ n

ti,j =







β2 if Q1(j) = Q2(i) 6= ∅
β if Q2(i) = {j} and Q1(j) = ∅

or Q1(j) = {i} and Q2(i) = ∅
αβ if Q2(i) = {j} and Q1(j) 6= ∅, {i}

or Q1(j) = {i} and Q2(i) 6= ∅, {j}
0 in any other case

ut

Notice in particular that TΓ1,Γ2
does not depend on Γ1 and Γ2, but rather

on the differences between them.

Example 13. Let Γ1 = ([19], Q1) and Γ2 = ([19], Q2) be the RNA secondary
structures defined by the sets of contacts

Q1 = {1·3, 5·7, 9·11, 13·15, 17·19}
Q2 = {3·5, 8·16, 9·15, 11·13, 17·19};

see Fig. 2. Then:

SΓ1
=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

α 0 β 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
β 0 α 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 α 0 β 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 β 0 α 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 α 0 β 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 β 0 α 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 α 0 β 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 β 0 α 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 α 0 β
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 β 0 α

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A
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SΓ2
=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 α 0 β 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 β 0 α 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 α 0 0 0 0 0 0 0 β 0 0 0
0 0 0 0 0 0 0 0 α 0 0 0 0 0 β 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 α 0 β 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 β 0 α 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 β 0 0 0 0 0 α 0 0 0 0
0 0 0 0 0 0 0 β 0 0 0 0 0 0 0 α 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 α 0 β
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 β 0 α

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

q q q q q q q q q q q q q q q q q q q......
......
......
......
.......
........
............

.............................................................................. ......
......
......
......
.......
........
............

.............................................................................. ......
......
......
......
.......
........
............

.............................................................................. ......
......
......
......
.......
........
............

.............................................................................. ......
......
......
......
.......
........
............

.............................................................................. Γ1

q q q q q q q q q q q q q q q q q q q.....................................................................................
.........
.......
.......
......
......
......
... .....................................................................................

.........
.......
.......
......
......
......
... .....................................................................................

.........
.......
.......
......
......
......
... Γ2

& %& %
Fig. 2. The secondary structures in Example 13.

Computing their product SΓ2
◦ SΓ1

we obtain the transfer matrix

TΓ1,Γ2
=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

α 0 β 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

αβ 0 α2 0 αβ 0 β2 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
β2 0 αβ 0 α2 0 αβ 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 β 0 α 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 α 0 0 0 0 0 0 0 β 0 0 0
0 0 0 0 0 0 0 0 α2 0 αβ 0 β2 0 αβ 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 αβ 0 α2 0 αβ 0 β2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 β2 0 αβ 0 α2 0 αβ 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 αβ 0 β2 0 αβ 0 α2 0 0 0 0
0 0 0 0 0 0 0 β 0 0 0 0 0 0 0 α 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A
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The transfer matrices TΓ1,Γ2
can be used to compare RNA secondary

structures. For instance, in [9] (and for Magarshak’s matrices, considering
them as real-valued) Reidys and Stadler proposed to measure the distance
between two secondary structures Γ1 and Γ2 by means of the value ‖TΓ1,Γ2

‖
for an arbitrary matrix norm ‖ · ‖. Using matrix norms does not make
sense in our setting, because our matrices have their entries in a field of
characteristic 2. Anyway, there are other values computed from our transfer
matrices that can be used to measure the difference between two secondary
structures. More specifically, we shall use the following two values.

Definition 14. Given two RNA secondary structures Γ1 and Γ2, let

– δ(Γ1, Γ2) be the product of the elements of the main diagonal of TΓ1,Γ2
;

– ρ(Γ1, Γ2) be the rank of TΓ1,Γ2
+ Id.

Since TΓ2,Γ1
= (TΓ1,Γ2

)t, and thus TΓ2,Γ1
+Id = (TΓ1,Γ2

+Id)t, it is clear
that δ(Γ1, Γ2) = δ(Γ2, Γ1) and ρ(Γ1, Γ2) = ρ(Γ2, Γ1).

Example 15. If Γ1 and Γ2 are the secondary structures given in Example 13,
then δ(Γ1, Γ2) = α16. As far as ρ(Γ1, Γ2) goes, it is the rank of the following
matrix (where we use that 1 + 1 = 0, α + 1 = β, and α2 + 1 = β2):

TΓ1,Γ2
+ Id =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

β 0 β 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

αβ 0 β2 0 αβ 0 β2 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
β2 0 αβ 0 β2 0 αβ 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 β 0 β 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 β 0 0 0 0 0 0 0 β 0 0 0
0 0 0 0 0 0 0 0 β2 0 αβ 0 β2 0 αβ 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 αβ 0 β2 0 αβ 0 β2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 β2 0 αβ 0 β2 0 αβ 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 αβ 0 β2 0 αβ 0 β2 0 0 0 0
0 0 0 0 0 0 0 β 0 0 0 0 0 0 0 β 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

Removing rows and columns containing only zeroes, and extracting a com-
mon factor β from each one of the remaining rows, we obtain the following
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matrix with the same rank:


















1 1 0 0 0 0 0 0 0 0
α β α β 0 0 0 0 0 0
β α β α 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 β α β α 0
0 0 0 0 0 α β α β 0
0 0 0 0 0 β α β α 0
0 0 0 0 0 α β α β 0
0 0 0 0 1 0 0 0 0 1



















Now we find several pairs of rows where we can apply the following trans-
formation, or a similar one (in the first and second steps, we use again that
α + β = 1):

(
α β α β
β α β α

)

⇒

(
α β α β
1 1 1 1

)

⇒

(
0 1 0 1
1 1 1 1

)

⇒

(
0 1 0 1
1 0 1 0

)

Using them, we finally obtain the following matrix with the same rank:



















1 1 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 1 0 1 0 0
0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 1 0 1 0 0
0 0 0 0 0 0 1 0 1 0
0 0 0 0 1 0 0 0 0 1



















and now a simple computation shows that this rank is 6.

Our last two theorems show how the closeness of two RNA secondary
structures of the same length can be measured by means of these two values,
and in particular they explain the figures δ(Γ1, Γ2) = α16 and ρ(Γ1, Γ2) = 6
obtained in the last example. Their proofs are simple, but long and tech-
nically involved, and we delay them until Appendix B at the end of this
paper.

Let |Q1 4Q2| denote in the sequel the cardinal of the symmetric differ-
ence of the sets of contacts of the secondary structures Γ1 and Γ2.

Theorem 16. For every two RNA secondary structures Γ1 = ([n], Q1) and
Γ2 = ([n], Q2),

δ(Γ1, Γ2) = α2|Q14Q2|.
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Notice that if we choose the exponent m in F2m large enough (actually,
such that n < 2m − 1), then δ(Γ1, Γ2) = 1 if and only if Γ1 = Γ2. Thus, in
this case, |Q1 4 Q2| can be obtained as 1

2
logα δ(Γ1, Γ2) in F2m .

To give an explicit description of the value of ρ(Γ1, Γ2), we need to
introduce a further notion, extracted from [10, § 4]. Given two secondary
structures Γ1 = ([n], Q1) and Γ2 = ([n], Q2), a cyclic orbit for Γ1 and Γ2 is
a subset {i1, i2, . . . , i2m} ⊆ [n], m ≥ 1, such that either

i1 ·i2, i3 ·i4, . . . , i2m−1 ·i2m ∈ Q1 and i2 ·i3, . . . , i2m−2 ·i2m−1, i2m ·i1 ∈ Q2

or the other way round

i1 ·i2, i3 ·i4, . . . , i2m−1 ·i2m ∈ Q2 and i2 ·i3, . . . , i2m−2 ·i2m−1, i2m ·i1 ∈ Q1;

see Fig. 3. In particular, {i1, i2} is a cyclic orbit when i1·i2 ∈ Q1 ∩Q2. The
unique bonds condition implies that a cyclic orbit must have an even number
of elements (it can also be deduced by group-theoretical considerations: see
the proof of [10, Thm. 5]). Let Ω be the number of cyclic orbits for Γ1 and
Γ2 with cardinal at least 4. Now, we have the following result.

c c c c c c cq q q q q q q q q q q q q q q q q q q q q. . .
i1 i2 i3 i4 i5 i2m−1 i2m

......

......
......
......
.......
........
.........

..............
................................................................................... ......

......
......
......
.......
........
.........

..............
................................................................................... ......

......
......
......
.......
........
.........

..............
...................................................................................

....................................................................................
......
....
....
...
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.

....................................................................................
......
....
....
...
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.

& %

Q1

Q2

Fig. 3. A cyclic orbit.

Theorem 17. For every two RNA secondary structures Γ1 = ([n], Q1) and
Γ2 = ([n], Q2),

ρ(Γ1, Γ2) = |Q1 4 Q2| − 2Ω.

Notice that ρ(Γ1, Γ2) is also equal to |Q1|+ |Q2| minus twice the number
of all cyclic orbits for Γ1 and Γ2. This can be used to prove that ρ(Γ1, Γ2)
is exactly the value of the metric defined in [9, Thm. 4] applied to the pair
(Γ1, Γ2).
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Appendix A: A glossary of algebraic structures

For the convenience of the reader, in this appendix we remind the definitions of
the algebraic structures mentioned in the main body of the paper.

Let X be a non-empty set. A binary operation ∗ on X is

– commutative, when x ∗ y = y ∗ x for every x, y ∈ X;
– associative, when (x ∗ y) ∗ z = x ∗ (y ∗ z) for every x, y, z ∈ X.

An element e ∈ X is a neutral element for a binary operation ∗ when x ∗ e = x =
e∗x for every x ∈ X. Two binary operations + and ∗ on X satisfy the distributive
law when

x ∗ (y + z) = x ∗ z + y ∗ z, (y + z) ∗ x = y ∗ x + z ∗ x, for every x, y, z ∈ X.

A semigroup is an algebraic structure (X, ∗) consisting of a non-empty set X
and an associative binary operation ∗ on it. A monoid is an algebraic structure
(X, ∗, e) such that (X, ∗) is a semigroup and e is a neutral element for ∗. A group is
a monoid (X, ∗, e) such that, for every x ∈ X, there exists an element x′ ∈ X such
that x ∗ x′ = x′ ∗ x = e. A semigroup, monoid or group is said to be commutative
when its binary operation ∗ is commutative.

A semiring is an algebraic structure (X, +, ∗, 0, 1) such that (X, +, 0) is a
commutative monoid, (X, ∗, 1) is a monoid, and ∗ distributes over +. A ring is
a semiring (X, +, ∗, 0, 1) such that (X, +, 0) is, moreover, a commutative group.
A field is a ring (X, +, ∗, 0, 1) such that, for every x ∈ X − {0}, there exists an
element x′ ∈ X such that x∗x′ = x′ ∗x = 1. A semiring, ring or field (X, +, ∗, 0, 1)
is said to be commutative when the binary operation ∗ is commutative.
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A field (X, +, ∗, 0, 1) is said to have characteristic n, for some natural number

n ≥ 1, when

n
z }| {

1 + · · · + 1 = 0 and

m
z }| {

1 + · · · + 1 6= 0 for every 1 ≤ m < n: in this case,
n must be a prime number. If a field does not have characteristic n for any n ≥ 1,
then it is said to have characteristic 0. In a field of characteristic n ≥ 1 we have

that n ∗ x =

n
z }| {

1 + · · · + 1 = 0 for every element x, while if the field does not have
characteristic n, for some prime number n, then n ∗ x = 0 implies x = 0.

A lattice is an algebraic structure (X, +, ∗) such that both (X, +) and (X, ∗)
are commutative semigroups, and moreover they satisfy the following two prop-
erties:

– idempotency : x + x = x and x ∗ x = x for every x ∈ X;
– absortion: x + (x ∗ x) = x and x ∗ (x + x) for every x ∈ X.

Equivalently, (X, +, ∗) is a lattice whenever the relation ≤ on X defined by

x ≤ y ⇐⇒ x ∗ y = x

(or, equivalently, x ≤ y ⇔ x + y = y) is a partial order such that every pair of
elements x, y has a supremum and an infimum, given, respectively, by x + y and
x ∗ y.

A bounded lattice is an algebraic structure (X, +, ∗, 0, 1) such that (X, +, ∗) is
a lattice and x ∗ 0 = 0 and x + 1 = 1: this is equivalent to say that the elements 0
and 1 are, respectively, the smallest and the greatest elements of X with respect
to the partial order ≤ defined above.

Appendix B: Proof of Theorems 16 and 17

We begin by framing the definition of cyclic orbit given in Sect. 5 by giving
the general definition of an orbit for a pair of secondary structures. As its name
hints, the origin of this concept lies in a certain group-theoretical interpretation
of secondary structures that can be found, for instance, in [2,9].

Given two secondary structures Γ1 = ([n], Q1) and Γ2 = ([n], Q2), an orbit for
Γ1 and Γ2 is a subset {i1, i2, . . . , im} ⊆ [n], m ≥ 1, such that

i1 ·i2, i2 ·i3, . . . , im−1 ·im ∈ Q1 ∪ Q2

and maximal with this property (i.e., such that any other contact in Q1 ∪ Q2

involving i1 or im can only be i1 ·im). The unique bonds condition implies that if
{i1, i2, . . . , im} is such an orbit, then either

i1 ·i2, i3 ·i4, . . . ,∈ Q1 and i2 ·i3, i4 ·i5, . . . ∈ Q2

or
i1 ·i2, i3 ·i4, . . . ,∈ Q2 and i2 ·i3, i4 ·i5, . . . ∈ Q1.

It is clear from the maximality of the orbits and the unique bonds condition that
two orbits for Γ1 and Γ2 are always disjoint.

An orbit {i1, i2, . . . , im} is said to be linear when:

– m = 1, and then this means that i1 is isolated in both Γ1 and Γ2; or
– m = 2 and i1 ·i2 ∈ Q1 4 Q2; or
– m ≥ 3 and i1 ·im /∈ Q1 ∪ Q2.

An orbit {i1, i2, . . . , im} is said to be cyclic when:

– m = 2 and i1 ·i2 ∈ Q1 ∩ Q2; or
– m ≥ 3 and i1 ·im ∈ Q1 ∪ Q2.
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As we already mentioned in Sect. 5, the cardinal of a cyclic orbit is always even.
For instance, the orbits for the secondary structures given in Example 13 are

{8, 10, 12, 14}, {17, 19}, {1, 3, 5, 7}, {7, 15}, {2}, {4}, {6}, {9}, {11}, {13}, {18};

the first two ones are cyclic and the other ones are linear.
Let now Γ1 and Γ2 be two arbitrary RNA secondary structures with n nodes.

The orbits for Γ1 and Γ2 allow the decomposition of TΓ1,Γ2
into disjoint minors.

Indeed, since every i ∈ [n] belongs to one, and only one, orbit for Γ1 and Γ2, and
since the rank of a matrix and the product of the elements of its main diagonal
do not change under permutations of rows and columns, provided the same per-
mutation is applied simultaneously to both rows and columns, when computing
δ(Γ1, Γ2) and ρ(Γ1, Γ2) we may assume without any loss of generality that the
elements of each orbit are consecutive in [n]. It is clear then that the product of
the elements of the main diagonal of TΓ1,Γ2

can be computed as the product of
the products of the elements of the main diagonals of the minors defined by the
orbits, and that the rank of TΓ1,Γ2

+ Id can be computed as the sum of the ranks
of the minors defined by the orbits.

Any linear orbit consisting of a singleton {i} appears in the transfer matrix
TΓ1,Γ2

as the ith row and column with a 1 on the main diagonal and the other
entries equal to 0. Thus, it contributes a factor 1 to δ(Γ1, Γ2) and, since when
we add up the identity matrix to the transfer matrix the 1 on the diagonal is
cancelled, it contributes nothing to ρ(Γ1, Γ2).

Any linear orbit with p ≥ 2 elements corresponds to p elements in Q14Q2, and
it turns out to contribute a factor α2p to δ(Γ1, Γ2) and to add up p to the ρ(Γ1, Γ2).
Let us show it in one case: we leave the other cases to the reader (special cases of
two of them have appeared in the computation carried over in Example 15).

Assume that {i, i + 1, i + 2, . . . , i + 2m} is a linear orbit with i· (i + 1), (i + 2)·
(i + 3), . . . , (i + 2m − 2)·(i + 2m − 1) ∈ Q1 and (i + 1)·(i + 2), . . . , (i + 2m − 3)·
(i + 2m − 2), (i + 2m − 1)·(i + 2m) ∈ Q2. A simple computation shows that the
minor of TΓ1,Γ2

corresponding to rows and columns between the ith one and the
(i + 2m)th one is the following:

0

B
B
B
B
B
B
B
B
B
B
B
@

α β 0 0 0 0 . . . 0 0 0
αβ α2 αβ β2 0 0 . . . 0 0 0
β2 αβ α2 αβ 0 0 . . . 0 0 0
0 0 αβ α2 αβ β2 . . . 0 0 0
0 0 β2 αβ α2 αβ . . . 0 0 0
...

...
...

...
...

...
. . .

...
...

...
0 0 0 0 0 0 . . . αβ α2 β
0 0 0 0 0 0 . . . β2 αβ α

1

C
C
C
C
C
C
C
C
C
C
C
A

and therefore the product of the entries in its main diagonal is α2(2m+1),i.e., α
raised to twice the cardinal of the orbit, as we claimed.

Now, to compute ρ(Γ1, Γ2), we add 1 to the elements of the main diagonal of
this minor and (using that α + 1 = β and α2 + 1 = β2) we obtain the following
matrix: 0

B
B
B
B
B
B
B
B
B
B
B
@

β β 0 0 0 0 . . . 0 0 0
αβ β2 αβ β2 0 0 . . . 0 0 0
β2 αβ β2 αβ 0 0 . . . 0 0 0
0 0 αβ β2 αβ β2 . . . 0 0 0
0 0 β2 αβ β2 αβ . . . 0 0 0
...

...
...

...
...

...
. . .

...
...

...
0 0 0 0 0 0 . . . αβ β2 β
0 0 0 0 0 0 . . . β2 αβ β

1

C
C
C
C
C
C
C
C
C
C
C
A
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Extracting a common factor β from each row, and using the kind of transfor-
mations explained in Example 15, we obtain the following matrix, which has the
same rank: 0

B
B
B
B
B
B
B
B
B
B
@

1 1 0 0 0 0 . . . 0 0 0
0 1 0 1 0 0 . . . 0 0 0
1 0 1 0 0 0 . . . 0 0 0
0 0 0 1 0 1 . . . 0 0 0
0 0 1 0 1 0 . . . 0 0 0
...

...
...

...
...

...
. . .

...
...

...
0 0 0 0 0 0 . . . 0 1 1
0 0 0 0 0 0 . . . 1 0 1

1

C
C
C
C
C
C
C
C
C
C
A

and now it is clear that this matrix has rank 2m+1, i.e., the cardinal of the orbit
under consideration.

Consider now the contribution of cyclic orbits. Each cyclic orbit with two
elements, i.e., each contact i·j ∈ Q1 ∩ Q2, appears in the transfer matrix TΓ1,Γ2

as the ith and jth row and column with a 1 on the diagonal and the other entries
equal to 0, and therefore (as it was the case of isolated nodes) it does not contribute
anything either to δ(Γ1, Γ2) or ρ(Γ1, Γ2). On the other hand, any contact i ·j ∈
Q1 ∩ Q2 does not add anything to Q1 4 Q2, either.

Consider finally a cyclic orbit with cardinal 2m ≥ 4, which corresponds to 2m
elements in Q1 4Q2: let us show that it contributes a factor α2m to δ(Γ1, Γ2) and
that it adds up 2m − 2 to ρ(Γ1, Γ2), and we shall be done. Without any loss of
generality, we may assume that this orbit is {i, i + 1, i + 2, . . . , i + 2m − 1} with
i·(i+1), (i+2)·(i+3), . . . , (i+2m−2)·(i+2m−1) ∈ Q1 and (i+1)·(i+2), . . . , (i+
2m− 3)·(i + 2m− 2), i·(i + 2m− 1) ∈ Q2. As before, a simple computation shows
that the minor of TΓ1,Γ2

corresponding to rows and columns between ith one and
the (i + 2m − 1)th one is the following:

0

B
B
B
B
B
B
B
B
B
@

α2 αβ 0 0 0 0 . . . β2 αβ
αβ α2 αβ β2 0 0 . . . 0 0
β2 αβ α2 αβ 0 0 . . . 0 0
0 0 αβ α2 αβ β2 . . . 0 0
0 0 β2 αβ α2 αβ . . . 0 0
...

...
...

...
...

...
. . .

...
...

αβ β2 0 0 0 0 . . . αβ α2

1

C
C
C
C
C
C
C
C
C
A

and therefore the product of the entries of its main diagonal is, indeed, α2m.
As far as its contribution to ρ(Γ1, Γ2) goes, if we add up 1 to the entries of its

main diagonal, then a set of transformations similar to those carried over in the
case of the minor corresponding to a linear orbit produces the following matrix
with the same rank: 0

B
B
B
B
B
B
B
B
@

1 0 0 0 0 0 . . . 1 0
0 1 0 1 0 0 . . . 0 0
1 0 1 0 0 0 . . . 0 0
0 0 0 1 0 1 . . . 0 0
0 0 1 0 1 0 . . . 0 0
...

...
...

...
...

...
. . .

...
...

0 1 0 0 0 0 . . . 0 1

1

C
C
C
C
C
C
C
C
A

In this matrix, rows with indexes 2, . . . , 2m−2 are clearly independent, while (the

ground field being of characteristic 2) the sum of the odd-indexed rows is zero,

as well as the sum of the even-indexed ones. Therefore, the rank of this matrix is

indeed 2m − 2. ut


