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Abstract

Let d be a metric on the set FP(X)
of fuzzy subsets of a set X. A mid-
point of two fuzzy subsets u,v €
FP(X) is any fuzzy subset £ €
FP(X) such that d(&, u) = d(&,v) =
$d(p,v). These midpoints can be
used to describe “middle ways” or
“compromises” between two situa-
tions described by the fuzzy subsets
p and v. In this work we explic-
itly compute midpoints for weighted
Hamming distances and for weighted
maximum distances. The former is
a generalization of a previous work
by Nieto and Torres (Artif. Intell.
Med. 27 (2003), 81-101). We also
propose a new application of mid-
points in medicine, based on their
use as average representations of pa-
tients of which we have available two
descriptions as fuzzy subsets of a set
of attribute variables.

1 Introduction

There are many situations where it is useful
to discern the fuzzy subsets that can be con-
sidered as “middle ways” or “compromises”
between two given fuzzy subsets of a given fi-
nite set. For instance, in order to get pat-
terns in settings such as drug consumption
among teenagers, one can consider fuzzy vari-
ables like smoking, alcohol drinking, parental
abuse, etc.: each sampled individual can be

represented then by means of a fuzzy sub-
set of the universe of attribute variables un-
der consideration, and, in this context, com-
promises are relevant to reach agreements, to
take decisions or to compare two or more sit-
uations [6]. A patient’s symptoms profile can
also be described by means of such a fuzzy set,
and the ensemble of middle ways between two
such descriptions of a given patient provided
by two independent raters can be used as a
new representation of the patient; cf. Section
5. Such middle ways can also be used to cap-
ture an “average” of two uncertain descrip-
tions of biomolecules, for instance two fuzzy
genomes in the sense of Sadegh-Zadeh [7] or
two profiles derived from multiple alignments;
we hope to report on this kind of applications
in the near future.

These middle ways between two fuzzy sub-
sets are formalized by means of midpoints
[6]. A midpoint of two fuzzy subsets pu,v
of a finite set X is any fuzzy subset £ of X
whose distance to p and v is exactly half
the distance between these two fuzzy sub-
sets. Of course, the actual content, and the
range of application, of this definition de-
pends on the chosen distance. For instance, if
we consider the euclidean distance d(p,v) =
V2 owex (u(x) —v(x))?, then we know from
euclidean geometry that any two fuzzy sub-
sets u and v of X have one, and only one,
midpoint: namely, (@ + v)/2. For other dis-
tances, like the one introduced by Nieto et
al. to compare polynucleotides [5], there exist
pairs of fuzzy subsets without midpoints [8,
§5]. Finally, there are distances with respect
to which most pairs of fuzzy subsets have in-




finitely many midpoints. Two popular and
meaningful metrics used in fuzzy mathemat-
ics that, in general, yield infinite sets of mid-
points are the Hamming and maximum dis-
tances.

Nieto and Torres [6] recently introduced the
midpoints with respect to Hamming distance
and they discussed several applications in
medicine. In that paper they only gave an ex-
plicit description of these midpoints for fuzzy
subsets of 2-element sets, mainly because for
greater sets the case-based description they
derived was too complicated. In Section 3 we
revisit their work, and we give a very suc-
cinct description of the midpoints of two fuzzy
subsets for weighted Hamming distances on
finite sets with an arbitrary number of ele-
ments in terms of the intersection of a lin-
ear variety and a rectangular parallelepiped
in Kosko’s hypercube [0, 1]", and we establish
several properties for them. Then, in Section
4 we do the same for weighted maximum dis-
tances, obtaining a similar, but simpler, rep-
resentation.

Finally, in Section 5 we discuss a new appli-
cation in medicine of the sets of midpoints
with respect to a distance. It often happens
that one has available two descriptions of a
given patient as a fuzzy subset of a set of at-
tribute variables. If it happens in a context
where a certain metric is used to compare pa-
tients with one another or with some refer-
ence vector, then the set of midpoints of both
descriptions of a patient with respect to that
distance can be used as a new, “average” rep-
resentation of the patient to be employed in
comparisons. In this paper we show a spe-
cific instance of the application of midpoints
in this sense; other examples will appear else-
where [1].

This work has been partially supported by the
Spanish DGES projects BFM2000-1113-C02-
01 and BFM2003-00771.

2 Preliminaries
Let us fix from now on a finite set

X =A{x1,... ,xn},

and let FP(X) denote the set of its [0, 1]-
valued fuzzy subsets. To simplify the no-
tations, given a fuzzy subset u,v,... of
X, we shall write pu;,vj,... instead of
p(xs), v(z;),. ...

The mapping sending every u € FP(X) to
the vector (u1,...,pun) € [0,1]™ is a bijection
FP(X) = [0,1]" that identifies, in a one-to-
one way, every fuzzy subset of X with a vector
of Kosko’s n-dimensional hypercube. This al-
lows to translate distances on [0, 1]™ into dis-
tances on FP(X).

Let now d be any distance on FP(X). Given
w,v € FP(X), a fuzzy subset £ € FP(X) is
a midpoint of u and v with respect to d if and
only if

(e, 1) = d(€,v) = Sl v).

Let midg(u, v) € FP(X) denote the set of all
midpoints of u and v with respect to d.

For instance, it is well known that if

d(p,v) = /320 (i — vi)?

is the euclidean distance on FP(X) (corre-
sponding to the euclidean distance on [0, 1]™),
then, for every u,v € FP(X),

midas,v) = {3 (1 + ).

3 Midpoints for weighted
Hamming distances

Let w = (w1,...,wp) € (RT)" be any vector
of positive weights. The w-weighted Hamming
distance on FP(X) is defined, for every u,v €
FP(X), by

n
diw(p,v) = Zwi\uz‘ — 4.
i—1

Let us denote by midy ., the sets of midpoints
with respect to dg,. Thus, for every p,v, & €
FP(X), £ € midpy . (u,v) if and only if

Yo wilp — & = 12?21 wilvi — &l
n
b Zizl wi|Hz‘ - Vi|-

The following result provides a concise ex-
plicit description of midg (@, v).



Theorem 1 For every (u,v) € FP(X)?, let
I = {i| i < v}, IO = {i | i > v}
Then, for every p,v,& € FP(X),
§ € midp o (1, v)

if and only if it satisfies the following two con-
ditions:
1) pwi Nvp < & < p; vy for every i.

2) Y ier wil& — BFt .
i Vg
=D ier wi& — B,

Proof. If £ € midy (1, v), then

> willp = &l + v = &l = | — i) = 0.

i=1

Since all addends

wi(lps — &l + |vi = &| — |pi — vi])

in this sum are non-negative, it adds up O if
and only if all these addends are 0, i.e., if and
only if

i — &l + vi — &l — | —vil =0

for every ¢ = 1,... ,n, and this is equivalent
to
pi ANV <& < i Vg

for every ¢ = 1,... ,n. This proves that every
¢ € midg,(u, v) satisfies condition (1) in the
statement.

On the other hand, if £ satisfies (1), then
dyw(p,§) = Ziel(+> wi(& — i)
+ 2 ier wilpi — &)

daw(V,€) =D icrm wilvi — &)
+ D ier— wil& — vi)

(notice that if i ¢ IHUI) then p; = v; and
hence, if ¢ satisfies (1), § = u; = v;). Now, if
¢ € midg ,(p, V), then

dH,w(:uv f) = dH,w(Va g)
and if £ satisfies (1), this is equivalent to

Yicrth wil& — i) + e wilps — &)
=D e wilvi — &) +D e wil& — vi),

and a simple computation shows this equation
to be equivalent to condition (2). This proves
that conditions (1) and (2) are necessary for
& being a midpoint of p and v with respect to

dH -

Conversely, if £ € FP(X) satisfies conditions
(1) and (2), then in the proof of the previous
implication we have seen that

dH,w(,U/ag) = dH,w(V7 6)

and that

dH,w(NM 5) + dH,w(Vv 5) - dH,w(H’ V) = 07
which clearly entails that £ € midg ., (p,v). =

Notice that if we interchange the roles of u
and v in the definition of 1) and I7), this
simply interchanges these two sets and it does
not alter the equation in condition (2).

Thus, the set of those points in [0, 1]™ corre-
sponding to elements of midg (1, V) is equal
to the intersection of the linear variety defined
by the equations

z; =p; for every i ¢ I(H) U 1)

Zieﬂ-‘-) Wili — Zie[(—) Wiy

_ it it
=i Wit 5 = 3 o wilti

with the rectangular parallelepiped

n

H[mi’ Mi]7

=1
where

pi  ifie I
if i € 107

0  otherwise

v, ifie I

M; =< p; ifiel®)
1 otherwise

Example 2 Let n = 3, and let p and v be
the fuzzy subsets of X = {x1,x2,23} cor-
responding to the points (0.4,0.3,0.5) and
(0.8,0.3,0.3) of [0,1]>. Set, on the other hand,
w=(1,2,4).



Given any £ € FP(X), condition (1) in The-
orem 1 says in this case

04 <& <08
£ =0.3
0.3<& <05

As far as condition (2), we have that IH) =
{1} and 1) = {3} and hence it corresponds
to the equation

0.4+0.8
2

05403

)=4-(& 5 )-

1-(& -
Hence, in all, midg,(p,v) consists of the
fuzzy subsets £& of X corresponding to the
points (z,y,2) in [0,1]® such that

04<2<0.8
0.3<2<05
y=0.3

z=1xz+1)

This s the line segment with endpoints
(0.4,0.3,0.35) and (0.8,0.3,0.45).

Example 3 Let 1x denote the crisp set X
and Ox the empty set: they correspond to
(1,...,1) and (0,...,0) in [0,1]", respec-
tively. Let w = (wi,...,wy) be any vector
of positive weights.

Consider the pair (1x,0x) € FP(X). Then,
I =0 and IC) = {1,... ,n}, and therefore
midg . (1x,0x) consists of those fuzzy subsets
¢ € FP(X) such that

These fuzzy subsets correspond to the inter-
section of [0, 1]™ with the hyperplane

n n
1

E Wiy = 5 E Wi

=1 =1

orthogonal to w through (1/2,...,1/2).

Let now X = X1 U Xy be any partition of
X into two non-empty disjoint crisp subsets,
and let us understand these subsets as fuzzy
subsets 1x,,1x, of X. If we consider the pair
(1X171X2) S fP(X), then

I ={i |z e Xo}, IO ={i|z € X1}

and thus midg ., (1x,,1x,) consists of those
fuzzy subsets € € FP(X) such that

> wilki - %) - > willi- %) = 0.
T;€X1 T;€X2

In particular the sets midpy,(lx,0x) and
midg ., (1x,,1x,) are different.

This shows that if we interchange one or
several images between two fuzzy subsets of
X, the set of midpoints with respect to the
weighted Hamming distance may vary. This
does not happen with respect to the euclidean
distance.

It is clear from conditions (1) and (2) in The-
orem 1 that the midpoint % (u + v) of y and
v with respect to the euclidean distance al-
ways belongs to midg(u, V), and in partic-
ular that this set is non-empty. But, in gen-
eral, this set of midpoints will be infinite, as
the following result shows.

Corollary 4 For every p,v € FP(X),

idir () = {50+ )}

if there exists at most one iy € {1,...,n}
such that pi, # vi,, and midg,(p,v) is an
infinite set otherwise.

Proof. Assume first that u; = v; for every i #
ig, and let £ € midy,(u,v). Then, condition
(1) in Theorem 1 implies that, for every i # iy,
& = wi = (:ul + Vl)/2 Now, if Hig = Vig
too, then condition (1) also implies that &, =
(fig +viy)/2, while if yi;, # vi,, then condition
(2) says wiy&i, = wig(tip + vip)/2 and then,
since w;, > 0, &, = (Wi, + Vig)/2, too.

Let us assume now that p and v take dif-
ferent values on at least two elements of X.
Without any loss of generality we may as-
sume that py < v1 and pe # vo. Then, by
Theorem 1, there exists a bijection between
the set of those ¢ € midpy ., (u,v) such that
& = (ui +v4)/2 for every i > 3 and the set of
points (£1,&2) in the non-trivial rectangle

(1, v1] X [po A va, o V i3]
that lie on the line of equation

7u2+1/2:i
2 w2

w1 1+
y - H ),

2 i



the sign 4 corresponds to the case puo > vo,
and the sign — to ps < vo. Since the cen-
ter (’%, “2;—”2) of the rectangle belongs to
this line, these points form a non-trivial line
segment, and in particular there are infinitely
many of them. .

4 Midpoints for weighted
maximum distances

Let w = (w1,...,wn) € (RT)™ be again any
vector of positive weights. The w-weighted
mazimum distance on FP(X) is defined, for
every u,v € FP(X), by

n

dOO,w(Na v) = \/ wil i — i
=1

Let us denote by mid (, the sets of midpoints
with respect to this metric. Then, for every
v, & € FP(X), £ € mide (i, v) if and only
if

Viciwilpws — &Gl = Vi wilvi — &l

= %\/?:1 wilpi — vil.

The following result provides a concise ex-
plicit description of midee . (i, v/).

Theorem 5 For everyw € (RT)™ and for ev-
ery p,v,§ € FP(X), £ € mideo (i, v) if and
only if it satisfies the following condition: for
everyt=1,...,n,
(1 V Vi) = gy oo, v) < &
< (i V i) + g5 doow (V).

Proof. Let us assume that doo,(p,v) =
Wig | ftio — Viy| and that p;, < v4,, so that, actu-
ally, doow (i1, V) = wi, (Viy — iy). In this case,
if ¢ € FP(X) is such that

1
doow(fa,u) = docw(&”) = §d00,w(,ua v),

then fio = (Mio +Vi0)/2- Indeed, if §i0 > (Mio +
Vi,)/2, then

Wig i — &gl > wig (Vi — Hig) /2,

and hence doo (&, 1) > %doo’w(u, v), while if
&io < (Hig + Vi) /2, then

Wi0|yio - §i0| > Wio(yio - Mio)/Za

and hence dog (€, 7) > $doow (1, ), too.
Now notice that if &, = (i, + v4,)/2, then
= wio”/io — &io|

= wio|yi0 - Mio‘/2
= doow(p,)/2.

Therefore, to impose that

Wig ’Mio - gio ’

doow(fnu) = doow(fa v) = %doow(ﬂv”)
is equivalent to impose that

wilpi — &l wilvi — & < %wio|Vio — Mo,
i.e., that

i Vv — ;_Zg|“i0 _Vi0| < g’L
wi
< pi A Vit 5.2 iy — Vi

for every i # 149, This, together with &, =
(fio + viy) /2, is equivalent to the condition in
the statement. "

Notice that, for every ¢ = 1,... ,n such that
wi|pi — vi| = doo w(p, V), the interval

i V Vi — z%didoo,w(lu’a V)7

i N\ vi + Q%Jidoo,w(u, V)}

reduces to the singleton {(u; + v4)/2}. On
the other hand, in the general case, this inter-
val does not change if we interchange p; and
v;. This shows that, as it happens with the
euclidean distance and against what happens
with (weighted) Hamming distances, if we in-
terchange one or several images between two
fuzzy subsets of X, their set of midpoints with
respect to a weighted maximum distance does
not vary.

Given p,v € FP(X), let
Toow = {1 | wilpi — vi| = deow(p, V) }-

Then, the set of those points in [0,1]™ corre-
sponding to elements of mid o, (1, V) is given
by the rectangular parallelepiped

igr., [ (41 v ¥ = Shdoo(p ) VO,
i A\ v; + %widoo,w(ﬂv V)) N 1}



on the linear variety

1 )
xr; = §(Mi+7/i), ’LEIOO’O_,.
Notice moreover that I, # 0.

Example 6 Let n, pu, v and w as in FEz-
ample 2 above. Then d(p,v) = 0.8 and
mideo (1, V) consists of the fuzzy subsets &
of X corresponding to the points (x,y,z) in
[0,1]® such that

04<z<0.8
01 <y <05
z=0.4

This is the square [0.4,0.8] x [0.1,0.5] on the
plane z = 0.4.

It is easy to check that (u + v)/2 always be-
longs to mideg o (1, v), which implies that this
set is always non-empty. Indeed, the condi-
tion

g%,idoo,w(ﬂa’/) < ui;rl/i

< i A Vi oo w (11, 1)

wi Vv —

is easily seen to be equivalent to
wilpi — vi| < doow(pt; V),
which holds by assumption.

Corollary 7 For every p,v € FP(X),

}

if wilpi —vil = wjlp; —vj| for every 1 < i, j <
n, and midg (@, v) is an infinite set other-
wise.

ptv
2

midHM(N? V) = {

Proof. Notice that the segment

|::U’Z V Vi — ﬁdm,w(u7 V)a
i A\ Vi + z%idoo,w(/h v)
reduces to a singleton if and only if

i Vvp — Q%Uidoo,w(/ia V)

= p; Vv + ﬁdm,w(u, V)
which turns out to be equivalent to
wi(pi V vy — i A V;) = doow(pt, ),

ie., to wi|pi — vi| = doow (i, v). n

Example 8 With the notations of Example
3, both mides ,(1x,0x) and mid o (1x,, 1x,)
are equal to {11x}.

5 An application

In medicine, it is usual to represent a patient
by means of an nth dimensional vector of nu-
merical attributes in [0, 1]: for instance, fit
values deduced from some tests, or values de-
scribing to what extent the patient shows sev-
eral symptoms. These vectors are elements of
Kosko’s hypercube [0,1]™ and can be viewed
as fuzzy subsets of the finite, n-element set of
attribute variables taken into account.

In certain circumstances, one may have sev-
eral such descriptions for every patient. For
instance, these can be descriptions provided
independently by several expert raters, or de-
scriptions obtained at different times. In these
cases, it is usual to take some kind of average,
of aggregation, of all available descriptions of
a patient as a working description of her /him;
see, for instance, [4, Chap. 5]. In the case of
two descriptions of each patient in a context
where some metric is used to compare such
descriptions, we postulate the use of the full
set of midpoints of these descriptions with re-
spect to this metric as a new representation of
patients to be employed in comparisons. To
end this paper, we show an example of such
an application of midpoints, in this case for
the maximum distance. Other applications in
the same spirit would require weighted Ham-
ming or maximum distances [1], depending on
which metric is used in its context.

In a classical example of the use of fuzzy meth-
ods in the analysis of concomitant mecha-
nisms for stroke [2, 3] (see also [4, §4.3 and
ff.]), C. Helgason and collaborators made two
stroke experts to evaluate the degree of causal
efficacy attributable to each one of three diag-
nostic categories —blood, vascular and heart
tests— in several stroke patients. This as-
signed to each patient two vectors in [0, 1]3.
Table 1 reproduces some of these pairs of vec-
tors.

Assume now that, in this situation, we want
to evaluate the highest degree of causal ef-



Patient Rater 1 Rater 2

1 (0.9,0.2,0.9) (0.5,0.1,0.6)

3 (0.5,0.8,0.5) (0.4,0.5,0.6)

5 (0.6,0.3,0.8) (0.7,0.6,0.6)

8 (0.2,0.1,0.8) (0.6,0.3,0.4)

10 (0.7,0.8,0.5) (0.2,0.4,0.8)
Table 1: Descriptions of some patients as

pairs of vectors in Kosko’s cube.

ficacy of some mechanism, among the three
considered ones, in a patient: i.e., how far
this patient is from (0,0,0) under the maxi-
mum distance. Then, it can be useful to rep-
resent each patient as the set of midpoints of
both descriptions with respect to the maxi-
mum distance and to use these sets to evalu-
ate in some way the (maximum) distance of
the patient to (0, 0,0). Table 2 displays the re-
gions in Kosko’s cube corresponding to these
sets of midpoints.

Patient | Midpoints

1 {0.7} x [0,0.3] x [0.7,0.8]

3 [0.35,0.55] x {0.65} x [0.45,0.65]
5 [0.55,0.75] x {0.45} x [0.65,0.75]
8 {0.4} x [0.1,0.3] x {0.6}

10 {0.45} x [0.55,0.65] x [0.55,0.75]

Table 2: Sets of midpoints with respect to the
maximum distance.

We can now compute, for instance, the least,
the greatest and the average distance of a mid-
point of both descriptions of a patient to the
reference vector (0,0,0): the average distance
is computed as the integral of max{x,y,z}
on the region of Kosko’s cube corresponding
to the midpoints, normalized by the measure
(length or area, depending on whether it is
a segment or a rectangle) of this region. Ta-
ble 3 displays these values. In it, and for each
sampled patient, columns (1) and (2) contain,
respectively, the distance from the description
provided by the first and the second raters to
(0,0,0), and columns (3), (4) and (5) con-
tain, respectively, the least, the greatest and
the average distance of a midpoint of both de-
scriptions to (0,0, 0).

This shows, for instance, that although the
distances from the descriptions provided by

Patient | (1) (2) (3) (4) (5)

1 0.9 06 07 08 075
3 0.8 0.6 0.65 0.65 0.65
5) 0.8 0.6 0.65 0.75 0.708
8 0.8 06 06 06 0.6
10 0.8 0.8 0.55 0.75 0.658

Table 3: Distances to (0,0,0).

raters 1 and 2 of patients 3, 5 and 8 to (0,0, 0)
are, in all three cases, 0.8 and 0.6, respec-
tively, the set of midpoints of patient 8 is
closer to (0,0,0) than the set of midpoints of
patient 3, which, in turn, is closer than that of
patient 5. This represents the fact that some
mechanisms had more incidence as a cause of
stroke in patient 5 than any mechanism in pa-
tient 8.

There are other features that should be men-
tioned. For instance, the average distance
from the set of midpoints of both descriptions
of a patient to (0,0, 0) need not have anything
to do with the usual average of the distances
of both descriptions to it, neither with the
distance of the usual average of both descrip-
tions to it. Notice also that, in patient 10, the
least, the greatest and the average distance
of a midpoint to (0,0,0) are smaller or equal
than the corresponding values for patient 5,
although the distances of the raters’ descrip-
tions of the latter to (0,0,0) are greater or
equal than those of the former.

We can also use the average descriptions of
two patients provided by the corresponding
sets of midpoints to evaluate how far they are
under the maximum distance, as a measure of
the greatest difference in the degree of causal-
ity of any mechanism in the patients’ condi-
tion. For instance, the distance between every
midpoint of both descriptions of patient 1 and
every midpoint of both descriptions of patient
8 is 0.3, and hence this is the average dis-
tance between midpoints of both descriptions
of both patients. On the other hand, the av-
erage distance between a midpoint of both de-
scriptions of patient 3 and a midpoint of both
descriptions of patient 8 is 0.45. This hints
that patient 8 is closer to patient 1 than to
patient 3. Notice that nothing similar could



have been deduced simply from the distances
between first descriptions and between second
descriptions of these three patients, as in this
case they are the same: the distance between
the first description of patient 8 and both the
first descriptions of patients 1 and 3 is 0.7, and
the distance between the second description of
patient 8 and both the second descriptions of
patients 1 and 3 is 0.2.

Let us mention that, although in this last ex-
ample these average distances between mid-
points are equal to the distances between the
usual averages of both descriptions of each
patient, it is not the case in general: for in-
stance, the average distance between a mid-
point of both descriptions of patient 8 and a
midpoint of both descriptions of patient 10
is 0.45, while the distance between the usual
averages of both descriptions of these two pa-
tients, (0.4,0.2,0.6) and (0.45,0.6,0.65), re-
spectively, is 0.4 and the average of the dis-
tance between their first descriptions and the
distance between their second descriptions is
0.5.

6 Conclusion

The set of midpoints of two fuzzy subsets
of a given finite set with respect to a given
metric may be a useful representation of the
“middle ways” of the objects or situations
described by the fuzzy subsets. In this pa-
per we have computed explicitly the sets of
midpoints of two fuzzy subsets with respect
to weighted Hamming distances, generalizing
previous work by Nieto and Torres, and with
respect to weighted maximum distances. We
have also introduced a new application of mid-
points in medicine. If we have two descrip-
tions of each of a number of patients as fuzzy
subsets of a set of attribute variables, and we
want to use a certain metric to compare de-
scriptions of this kind, then it may be useful to
represent each patient by means of the set of
midpoints of their descriptions with respect to
this metric, and to compute average distances
between these “average representations” as a
measure of their dissimilarity under the con-
sidered metric.

We plan to continue developing this applica-
tion in the near future, by studying the ac-
tual meaning of the average distance between
two sets of midpoints and its correlation with
other figures, by automatizing the computa-
tion of these average distances, and by ap-
plying this technique to other situations [1].
Our current research agenda also includes the
generalization of midpoints (“middle ways”
of two fuzzy subsets) to barycenters (“middle
ways” of an arbitrary finite number of fuzzy
subsets), which would allow us to handle more
than two descriptions of each patient.
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