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The problem of inferring haplotype
phase from a population of genotypes
has received much attention recently,
especially on the light of current large-
scale efforts to characterize popula-
tions in terms of haplotypes. The site
consistency problem in perfect phy-
logeny has also received much atten-
tion lately, motivated in part by the
characterization of a particular form
of phylogenetic networks under mu-
tation and constrained recombination
that admit a polynomial-time solution
to the site consistency problem.

Perfect phylogeny haplotyping is the
problem of resolving a given set of
n diploid sequences into a set of 2n
haploid sequences that form a per-
fect phylogeny. The bottleneck of cur-
rent algorithms for the perfect phy-
logeny haplotyping problem lies in the
efficient computation of the genotype
graph, and the usual algorithm for
computing the genotype graph for a
given n × m genotype matrix takes
O(nm2) time. However, the genotype
graph for a given genotype matrix can
be obtained by a simple combination
of eight template matrices over the al-
phabet Σ = {0, 1, 2}. The notion of

template matrix was introduced in [1]
and, independently, in the proof of [2,
Lemma 11].

Definition 1 The template matrix

derived from a matrix M over an

alphabet Σ for the template ab,
where a, b ∈ Σ, is the boolean ma-

trix Mab with Mab[j, k] = 1 if and

only if there exists some row i such

that M [i, j] = a and M [i, k] = b.

Site consistency in perfect phylogeny
is the problem of resolving a given ge-
nomic matrix into another one that
admits a perfect phylogeny, by re-
moving the least possible number of
sites (columns). While the site consis-
tency problem is NP-hard in phyloge-
netic networks under mutation alone,
it becomes polynomial-time solvable
in a particular form of phylogenetic
networks under mutation and con-
strained recombination, called galled-
trees, because of the additional struc-
ture of the conflict graph. Thus, the
bottleneck of current algorithms for
perfect phylogeny under mutation and
constrained recombination lies in the
efficient computation of the conflict
graph, and the usual algorithm for
computing the conflict graph for a

given n × m genomic matrix takes
O(nm2) time. However, the conflict
graph for a given genomic matrix can
be obtained by a simple combination
of three template matrices over the al-
phabet Σ = {0, 1}.

In this poster, we show that the effi-
cient computation of template matri-
ces can be done by compressing the
columns of the input genotype or ge-
nomic matrix.

Theorem 1 Let M be an n × m
matrix over an alphabet Σ. Then,

for any a, b ∈ Σ, the set Pab of

pairs (j, k) for which there exists a

row i such that M [i, j] = a and

M [i, k] = b, can be enumerated in

O(nm2/ log n) time.

The previous result has a simple con-
structive proof. The algorithm itself is
not complicated to implement, and it
only requires the use of standard data
structures.

Corollary 1 Let M be an n × m
genotype matrix over the alphabet

Σ = {0, 1, 2}. Then, the genotype

graph for M can be computed in

O(nm2/ log n) time.

Corollary 2 Let M be an n × m

genomic matrix over the alphabet

Σ = {0, 1}. Then, the conflict

graph for M can be computed in

O(nm2/ log n) time.

Notice that the efficient computa-
tion of template matrices entails the
fast multiplication of boolean matri-
ces. The proof of the following result
is similar to [1, Lemma 5].

Lemma 1 Let T (n,m) be the time

needed to construct a template ma-

trix Mab for any a, b ∈ Σ, given

an n × m matrix M over Σ. Two

boolean matrices with dimensions

m1×n and n×m2, respectively, can

be multiplied in O(T (n,m1 + m2))
time.

In summary, we present an algo-
rithm for computing template matri-
ces for any matrix over an arbitrary
alphabet in O(nm2/ log n) time. This
provides an O(nm2/ log n) time so-
lution to the perfect phylogeny hap-
lotyping problem and to the per-
fect phylogeny problem under muta-
tion and constrained recombination,
as well as an O(n3/ log n) time solu-
tion to the boolean matrix multiplica-
tion problem.
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n × m
replacement

matrix
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3-ary represent.
matrix
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template
matrix

M10

1 0 0 1 1 1 0 1 0 0
0 0 0 0 1 0 1 0 0 0
0 1 1 0 0 0 0 0 1 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0
0 0 0 0 1 0 1 0 0 0
0 0 0 0 1 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0

0 1 1 0 0 0 1 0 1 1
1 1 1 1 0 1 0 1 1 1
1 0 0 1 1 1 1 1 0 0
1 1 1 1 0 1 1 1 1 1
1 1 1 0 0 0 1 1 1 1
1 1 1 1 0 1 0 1 1 1
1 1 1 1 0 1 0 1 1 1
1 1 1 1 0 1 1 1 1 1

3 4 4 3 0 3 1 3 4 4
4 3 3 4 1 4 4 4 3 3
4 4 4 3 0 3 1 4 4 4
4 4 4 4 0 4 3 4 4 4

0 1 0 1 1 1 0 1 0
2 0 0 3 1 1 2 0 0
0 0 0 1 1 1 0 0 0
2 3 2 0 1 0 0 1 0
2 2 2 2 0 0 2 0 0
2 2 2 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0
2 0 0 2 0 0 2 0 0
0 0 0 0 0 0 0 0 0

0 1 1 0 0 0 1 0 1 1
1 0 0 1 1 1 1 1 0 0
1 0 0 1 1 1 1 1 0 0
1 1 1 0 0 0 1 1 1 1
1 1 1 1 0 1 1 1 1 1
1 1 1 0 0 0 1 1 1 1
1 1 1 1 0 1 0 1 1 1
0 1 1 0 0 0 1 0 1 1
1 0 0 1 1 1 1 1 0 0
1 0 0 1 1 1 1 1 0 0
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