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Template matrices

Definition
The template matrix of a matrix M over X for the template ab € Y2, is
the matrix M, defined by
o Mplj, k] = 1 if there exists some row i such that M[i, j] = a and
Ml[i, k] = b
o M_p[j, k] = 0 otherwise
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Template matrices

Definition
The template matrix of a matrix M over ¥ for the template ab € ¥2, is
the matrix M, defined by

o Mplj, k] = 1 if there exists some row i such that M[i, j] = a and
Mli, k] = b
o Mplj, k] = 0 otherwise

Example
1 001 0
0 00O 0
M=]10111 Mip = 0
0 01O 0
0 00O
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Template matrices

Definition
The template matrix of a matrix M over ¥ for the template ab € ¥2, is
the matrix M, defined by

o Mplj, k] = 1 if there exists some row i such that M[i, j] = a and
Mli, k] = b
o Mplj, k] = 0 otherwise

Example
1 001
0 00O U (1)
M=]10111 Mip = 0
0 01O 0
0 00O
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Template matrices

Definition
The template matrix of a matrix M over ¥ for the template ab € ¥2, is
the matrix M, defined by

o Mplj, k] = 1 if there exists some row i such that M[i, j] = a and
Mli, k] = b
o Mplj, k] = 0 otherwise

Example
1 001
0 00O U (1) !
M=]10111 Mip = 0
0 01O 0
0 00O
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Template matrices

Definition
The template matrix of a matrix M over X for the template ab € Y2, is
the matrix M, defined by

o Mplj, k] = 1 if there exists some row i such that M[i, j] = a and
Mli, k] = b
o Mplj, k] = 0 otherwise

Example
1 00 1
0 0 0O U (1) -
M=]0111 Mip = 0
0 01O 0
0 0 0O
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Template matrices

Definition
The template matrix of a matrix M over ¥ for the template ab € ¥2, is
the matrix M, defined by

o Mplj, k] = 1 if there exists some row i such that M[i, j] = a and
Mli, k] = b
o Mplj, k] = 0 otherwise

Example
1 001
0 00O (1) (1) 10
M=]0111 Mip = 0
0 01O 0
0 00O
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Template matrices

Definition
The template matrix of a matrix M over X for the template ab € Y2, is
the matrix M, defined by

o Mplj, k] = 1 if there exists some row i such that M[i, j] = a and
Mli, k] = b
o Mplj, k] = 0 otherwise

Example
1 001 0110
0 00O 10 0
M=1]101 11 Mip = 0
0 01 O 0
0 00O
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Template matrices

Definition
The template matrix of a matrix M over ¥ for the template ab € ¥2, is
the matrix M, defined by
o Mplj, k] = 1 if there exists some row i such that M[i, j] = a and
Ml[i, k] = b
o M_p[j, k] = 0 otherwise

Example
1 001 0110
0000 1 000
M=]10111 Mip =
1 1 01
0 01O 1110
0 00O
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And now, the abstract

Computation of template matrices is an intermediate step in the solution
of some important problems:

o Perfect phylogeny haplotyping
e Site consistency in perfect phylogeny
e Product of boolean matrices

Efficient computation of template matrices would entail simple efficient
solutions to these problems.
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And now, the abstract

Computation of template matrices is an intermediate step in the solution
of some important problems:

o Perfect phylogeny haplotyping
e Site consistency in perfect phylogeny
e Product of boolean matrices
Efficient computation of template matrices would entail simple efficient

solutions to these problems.

The straightforward algorithm computes a template matrix of an n x m
matrix in time O(nm?).
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And now, the abstract

Computation of template matrices is an intermediate step in the solution
of some important problems:

o Perfect phylogeny haplotyping

e Site consistency in perfect phylogeny

e Product of boolean matrices
Efficient computation of template matrices would entail simple efficient
solutions to these problems.
The straightforward algorithm computes a template matrix of an n x m
matrix in time O(nm?).

We present an O(nm?/log(n)) algorithm and we propose a conjecture
that would entail an O(nm + m?) algorithm.
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(In)efficient computation of template matrices
Lemma

If M is n x m, then M, can be computed in O(nm?) time.
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(In)efficient computation of template matrices

Lemma
If M is n x m, then M, can be computed in O(nm?) time.

Proof.

Use the obvious algorithm:

Traverse each pair j, k of columns until either finding a row / such that
M]i, ] = a and M[i, k] = b, in which case M,[j, k] = 1, or exhausting
the rows, in which case M[j, k] = 0. O

v
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The "exact” cost of this algorithm is the template number for M and ab.
Definition

Let M be an n X m matrix.

For every 1 < j, k < m with j # k and for every a,b € ¥, let

o TUR(M) =min{i | 1< i< n,M[i,j] = a,M[i, k] = b} if it exists,
. Tg)’k)(M) = n otherwise.
The template number for M and ab is

ab(M Z T(J k)

1<) ,k<m
J#k
V.
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Remark
Ta5(M) need no be in O(mn + m?) (the size of M plus the size of Mp).

Example

Let Id,, be the m x m diagonal matrix. Since there are no 1 < /,j,k < m
with j # k such that Id,[/, j] = ldm[i, k] = 1, we have that

TUR = mif j + k

and then

T11(ldm) = m(m — L)m € O(m?).
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A more efficient computation of template matrices

Theorem

Let M be an n x m matrix over ¥.. Every template matrix M ,, can be
computed in O(nm?/ log n) time.

The proof uses the four russians algorithm strategy (Arlazarov et al, 1970)

We only consider here the case a # b. The case a = b is similar.
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1 Rename the elements of M: a+— 0, b— 1, others — 2 and remove
repeated rows

Example

I
Cooo0oo0co0OoO R~

OO O OO+ OO

OO OO OOH+H OO

OO OO OOOK

e e e e = R i

OO OO OOOH

R O, P, OOORFRO

OO oo oOocoooH

[=NeNolNolNolNoll o N

OO OO OOoOH+H OO

Mio?
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1 Rename the elements of M: a+— 0, b— 1, others — 2 and remove
repeated rows

Example

I
Cooo0oo0co0OoO R~

OO O OO+ OO

OO OO OOH+H OO

OO OO OOOK

e e e e = R i

OO OO OOOH

R O, P, OOORFRO

OO oo oOocoooH

[=NeNolNolNolNoll o N

OO OO OOoOH+H OO

replacement
—
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1 Rename the elements of M: a+— 0, b— 1, others — 2 and remove
repeated rows

Example
0110001011
01 1 1 01 01 11
1001 111100

M = 1111011111
1110001111
1 011010111
1111010111

Cost: O(nm)
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2 Define a compressed matrix MS, of size [n/L] x m, where
L = [(logs n)/2], by

L-1
Solid] = 3" Maplil + ¢, ]
/=0

Example
01 100O0T1O0T1T1
0111010111
1 001 1 11100 s
M = 1111011111 —
1110001111
1 01 1010111
1111010111
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2 Define a compressed matrix MS, of size [n/L] x m, where
L = [(logs n)/2], by

L-1
Solid] = 3" Maplil + ¢, ]
/=0

Example
0 4 43 0313 4 4
e | 4334144433
0= 41430314434
1111010111
Cost: O(nm)
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3 Define a matrix R of size 35 x 3L by R[p, q] := bg + 2b1, where
b — { 1 if [p_1[{] =0 and l4_1[i] =1 for some i
O~ 1 0 otherwise
by — { 1 if Ip_1[i] =1 and l—_1[i] = 0 for some i
171 0 otherwise

Example

By

Il
O NODNDNDNONO
OO NDNWOOHR
OO ONNNOOO
ONOONOHFH WH
OO RrROOKFRKFRFER
[N elelolNoNell il
ONOONOONO
OO R OO, OOF
O OO OO0 O oo

Cost: O(L32%L) = O(nlog(n))
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4 Compute M,y from MS, and R by: For 1 <i<j<m

o If R(MS, [k, i], MS, [k, j]) = 1 or 3 for some k, then Mp[i,j] =1
o If R(MS, [k, i], MS, [k, j]) = 2 or 3 for some k, then Mp[j, /] =1
e |n all other cases M, entries are 0

Example

Miyo =

P FOOOOORrHFHO

P RPORRFRPREFRPRPRLRRERLKEFEO
OO R, HHEHEFEFOOHR
OO R R HHMHEHRFEFORHR
HRPRORORLRORKRRHRK
HF R ORFRORORRKFKF
e e i e R e e Y
H R ORRRFREFKERFERFE &
OO PR HPEFHEPEFPORHR
OO R R HHEHRFEFORHR

Cost: O(nm?/L) = O(nm?/log(n))
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A conjectured efficient computation of template matrices

Definition

Given an n X m matrix M over an alphabet X, for every 1 < j < m and for
every a € ¥, let M , be the ordered set of maximal row intervals [/, i2]
such that M[i,j] = --- = M[ip,j] = a.

For every [i1, o] € Mj ,, let p{:,(il, ip) be the position of [i1, b] in M; 5.
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Definition (continued)

For every 1 < j, k < m with j # k, for every a,b € ¥, let

min ph(iz, i2) + p(is. i) |

[i1, o] € M; a, (i3, ia) € My b,

[it, 2] O [i3, ia] # (2)} if it exists
|Mj a| + | M b otherwise

RGO (M) =

The reduced template number for M and ab is

Rn(M)= Y RYY(

1<j,k<m
Jk
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Theorem

A template matrix M derived from M can be computed in time
R.p(M) + nm.

Proof.

The lists of intervals (M; ;)1<j<m. (Mjp)1<j<m can be constructed in
O(nm) time, by traversing M in column order.
Once they are available, we enumerate the set

P = {(, k) | M[i,j] = a, M[i, k] = b for some i}

by performing, for each j, k, a simultaneous traversal of M; ; and M,
until two intervals mtersect
This takes time Rab’ (/\/l) for every j, k.
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Theorem
A template matrix M derived from M can be computed in time
R.p(M) + nm. )
Example
11011
11001
01100
0 0001
pr— :?
M 11011 Maoll, 2] =
11001
0 00 01
1 00 01
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Theorem

A template matrix M derived from M can be computed in time

R.p(M) + nm. )
Example
11011
11 001
01100
0 0001
pr— :?
11001
0 00 01
1 0001
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Theorem
A template matrix M derived from M can be computed in time
R.p(M) + nm. )
Example
11011
11001
01100
0 0001
pr— :?
M 11011 Maoll, 2] =2
11001
0 00 01
1 00 01
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Theorem
A template matrix M derived from M can be computed in time
R.p(M) + nm. )
Example
11011
11001
01100
0 0001
pr— :?
1100 1
0 00 01
1 00 01
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Theorem
A template matrix M derived from M can be computed in time
R.p(M) + nm. )
Example

11011

11001

01100

0 0001
M=111011 Mao[1,2] =1

11001

0 00 01

100 01
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Definition
An n x m matrix M over an alphabet ¥ is canonical if it has no duplicate
rows or columns and its rows are sorted in lexicographical order.

Remark

Any matrix M over an alphabet ¥ can be resolved into a canonical matrix
M'’, by removing duplicate rows and columns and sorting the rows in
lexicographical order, in O(nm) time by radix sorting techniques.

If the original matrix M does not have any duplicate columns,
Mgy =M, foralla,b e Xx.
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Conjecture

For every n x m canonical matrix M over an alphabet ¥ and for every
a,b e X, Ryp(M) € O(nm+ m?).

Evidence:

e We have computed explicitly R,,(M) for several families of matrices
with T,p(M) in O(nm?), and they always grow in O(nm + m?).
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Conjecture

For every n x m canonical matrix M over an alphabet ¥ and for every
a,be ¥, Rip(M) € O(nm+ m?).

Evidence:

e We have computed the reduced template numbers for large set of
random binary matrices, sorting them in lexicographical order by rows
before computing the reduced template numbers. Their reduced
template numbers are bounded by O(nm + m?), with a multiplicative
constant in the asymptotic upper bound that grows very slowly
relative to the input size.
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Conjecture

For every n x m canonical matrix M over an alphabet ¥ and for every
a,b e X, Ryp(M) € O(nm+ m?).

Typical growth of R.,(M)/(nm + m?) in these experiments

in
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Conjecture

For every n x m canonical matrix M over an alphabet ¥ and for every
a,b e X, Ryp(M) € O(nm+ m?).

No clue about how to attack this problem. Any idea?
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Applications of template matrices
Computation of template matrices is the bottleneck of simple algorithms
for

o Perfect phylogeny haplotyping

e Site consistency in perfect phylogeny

e Product of boolean matrices
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Perfect Phylogeny Haplotyping (PPH)
Definition

A genotype matrix is an n X m matrix M over the alphabet {0, 1,2},
where the ith row M[i, x| describes the genotype of species s;, each

column M([x, ] represents a polymorphic locus, and each column j for
which M[i,j] = 2 is a polymorphic site.
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Problem
Given a genotype matrix M, find a binary 2n x m haplotype matrix where
each genotype row M[i, x| expands to two rows M'[i,x] and M'[i’, %], in
such a way that:

o M'[i,j] = M'[i",j'} = M[i,j] if M[i,j] € {0, 1}

o M'[i,j] # M'[i",j'] if j M[i,j] =2;

e M’ admits a perfect phylogeny: there do not exist columns j1, j» such

that M'[x,{j1,j2}] contains each one of the rows 00, 01,10, 11.

or decide that it does not exist.
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Let M be a genotype matrix.

e Columns j, k are companion columns if there is a companion row i
such that M[i,j] = M[i, k] = 2.

e Two companion columns j, k are forced in-phase if the expansion of
the companion row in M'[x, {J, k}] contains {00,11} and
out-of-phase if it contains {01, 10}.

e The genotype graph for M has one node for each column in M, one
edge in Ef for each pair of companion columns of M that are either
forced in-phase or out-of-phase, and one edge in E, for each pair of
companion columns of M that are not forced in-phase or out-of-phase.
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From the genotype graph, the haplotype matrix of a n X m genotype
matrix M can be computed (or decided that it does not exist) in time
O(nm + m?). (Bafna et al, JCB 04)

Lemma
The forced edges Er in the genotype graph for M are given by

Moo N (Moo U Mag U Mg2) N (Mi11 U Mo UMio))
U((M1o U M2g) N (Mo U Mo2)))

and the non-forced edges E,, are given by My, \ Ey.

Corollary

Efficient computation of template matrices would entail a simple efficient
solution for PPH.

An alternative efficient solution was proposed recently (Ding et al,
RECOMBO5)
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Site consistency in perfect phylogeny (SCPP)

Problem
Resolve a given genomic (binary) matrix M into another that admits a
perfect phylogeny by removing the least number of (segregating) columns.

Definition

The conflict graph for an n x m genomic matrix M over the alphabet

Y ={0,1} has one node for each column in M and one edge {j, k} for
each pair of columns j and k such that there is a row / with

Mli,j] = M[i, k] =0, a row / with M[i,j] =0 and M[i, k] =1, a row /
with M[/,j] =1 and M[/, k] =0, and a row i with M[i,j] = M[i, k] = 1.
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From the conflict graph, the SCPP problem for a n x m genomic matrix M
that can be derived in a galley tree can be solved in time O(nm + m?).
(Asano et al, 04)

(In general, it is NP-hard)
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From the conflict graph, the SCPP problem for a n x m genomic matrix M
that can be derived in a galley tree can be solved in time O(nm + m?).
(Asano et al, 04)

(In general, it is NP-hard)

Lemma
The edges in the conflict graph for a given genomic matrix M are given by

Mo N My N Mis.
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Products of boolean matrices
Proposition

Let T(n, m) be the time needed to construct M, derived from an n x m
matrix M.

Two boolean matrices with dimensions my X n and n X my, respectively,
can be multiplied in O(T(n, my + my)) time.
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Products of boolean matrices

Proposition

Let T(n, m) be the time needed to construct M, derived from an n x m
matrix M.

Two boolean matrices with dimensions my X n and n X my, respectively,
can be multiplied in O(T(n, my + my)) time.

Proof.

Given two boolean matrices X and Y with dimensions m; x n and n X mo, respectively,
let A be the matrix obtained from X by replacing each 1 by a, and let B be the matrix
obtained from Y by replacing each 1 by b. Let also M be the n x (mi + my) matrix
M = [ATB] and let Z be the m; X mp matrix Z = X - Y. Then,
Z[j,k] =1 iff X[j,ij=1and Y[i,k] =1 forsomel<i<n

iff A[j,i]=aand B[i,k]=0b

iff Ml[i,j]=aand M[i,m +k]=0b

iff Map[j,m +kl=1.
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