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The conflict culminated in yet another public debate, this one
between Tartaglia and Ferrari in Milan on August 10, 1548. Tartaglia later
made much of Cardano’s absence, blaming him for a cowardly decision
“to avoid being present at the dispute.” However, the contest, held on
Ferrari’s home turf, proved a failure for the visitor. Tartaglia blamed this
on the rowdiness and partisanship of the crowd, whereas Ferrari natu-
rally attributed the outcome to his own intellectual superiority. In any
case, Tartaglla withdrew to return home, and Ferrar] was proclaimed the

- brilliant victor. Mathematics historian Howard Eves, noting the hostile

crowd and Ferrari’s hot-headed reputation, says that Tartaglia may have
been fortunate to escape alive.
These, then, were the events surrounding the sclution of the cubic,

a story at once complex, lusty, and absurd. It now remains for us to con-

sider the great theorem at the heart of this strange tale.

Great Theorem: The Solution of the Cubic

Upon examining Chapter XI of Ars Magna, the modern reader has two
surprises in store. One is that Cardano gave not a general proof but a
specific example of a depressed cubic, namely

X+ 6x=20
although in our discussion below we shall treat the more general
X+ mx=n
=N

The second is that his argument was purely geometrical, involving literal
cubes and their volumes. Actually, the surprise here is minimized when
we recall the primitive state of algebraic symbolism and the exalted posi-
tion of Greek geometry among Renaissance mathematicians.

The key result of Chapter XI is stated here in Cardano’s own words,
and his clever dissection of the cube is presented. His wordy “rule” for
solving cubics at first sounds quite confusing, but recasting it in a more
familiar, algebraic light shows that it does the job.

THEOREM Rule to solve x* + mx =

Cube one-third the coefficient of x; add to it the square of one-half the con-
stant of the equation; and take the square root of the whole. You will dupli-
cate [repeat] this, and to one of the two you add one-half the number you
have already squared and from the other you subtract one-half the same . . .
Then, subtracting the cube root of the first from the cube root of the second,
the remainder which is left is the value of x.
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PROOF Cardano imagined a large cube, having side AC, whose length
we shall denote by ¢, as shown in Figure 6.1, Side AC is divided at B into
segment BC of length # and segment 4B of length ¢t — #. Here fand «
are serving as auxiliary variables whose values we must find. As the dia-
gram suggests, the large cube can be sliced into six pieces, each of
whose volumes we now determine:

m 3 small cube in the lower front corner, with volume #°

® a larger cube in the upper back corner, with volume (¢ — #)*

m two upright slabs, one facing front along A8 and the other fac-
ing to the right along DE, each with dimensions t — u by «
by 1 (the length of the side of the big cube) and thus each with
volume tu(t — u) ’

m atall block in the upper front corner, standing upon the small
cube, with volume (¢ — w)

® a flat block in the lower back corner, beneath the larger cube,
with volume u(t — u)?

Clearly the large cube’s volume, £, equals the sum of these six com-
ponent volumes. That is,

P=d 4+ (r— w)?+ 20t — w) + (s — u) + u(t— u)?
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Some rearrangement of these terms yields
(t— u)®+ [Zm(t— u) + i (r— u) + u(t—'ﬁ)z] = £ — ¢
and factoring the common (¢ — #) from the bracketed expression gives
(t— w)?+ (r— w2t + o + u(r — 1)) =7r— u‘” or simply
(t— w) + 3t — u) = t3.'— 7 (*)

(The modern reader will notice that this equation can be derived
instantly by simple algebra, without recourse to the arcane geometry of
cubes and slabs. But this was not a route available to mathematicians in
1545.)

In (*) we have arrived at an equation reminiscent of the original
cubic ¥* + mx = n. That is, if we let # — % = x, then (*) becomes
X* + 3tux = £ — 12, and this instantly suggests that we set

3tu=m and F—w=n
If we now can determine the quantities zand « in terms of m and » from
the original cubic, then x = ¢ — » will yield the solution we seek.

Ars Magna does not present a derivation of these quantities. Rather,
Cardano simply provided the specific rule for solving the “Cube and

Cosa Equal to the Number” that was cited .above. Trying to decipher his -

purely verbal recipe is no easy feat and certainly makes one appreciate
the concise, direct approach of a modern algebraic formula. Exactly what
was Cardano saying in this passage?

To begin, consider his two conditions on tand u, namely
P—w=p

3tu=m and

From the former, we see that u = m/3t; and substituting this into the
latter yields

m3
P=gp="

Multiply both sides by # and rearrange terms to get the equation

m3

©— F—— =
n P 0
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At first, this appears to be no improvement whatéve}i‘,dfor v&;eehi\;e.
traded our original third-degree equation in x for a sixt -1 egre < :1 &
ton in £ What saved the day, of course, was that the latter
regarded as a’quadratic equation in the variable £:

"

= ()
27

(&) — n(¥) —

The quadratic formula, which had been available to mathema'tician; for
centuries and which we mentioned in the Epilogue to the previous chap-

ter, then yielded:

, , 4m’
n % wt o
P = -
" 1 2 4m3__2+ Pj_{__?_?f
=~£iE 72"“‘"2_—2— 4 7

At last, we have the algebraic version of Cardano’s ruié for solving
the depressed cubic »* + mx = 7, namely

xX=t—u
2 3
nz m3 3 _ﬁ 1_}_2?;
=V"§+ z+5‘\/z+ ity

Q.E.D.



This expression is called a “solution by radicals” B I
squthn” fo'r the depressed cubic. Thar is, }ift involves ggl?fﬁhealfgbiri;cl
cgefﬁaents in the equation—that is, m and #—and the algebraic f er-
ations of addition, subtraction, multiplication, division, and extractiog of
roots, useq only finitely often. A little study shows ’that this formul
vields precisely the same result as Cardano’s verbal “Rule” stated aboveal

Npte that the ke;y insight in Cardano’s argument was to replace the:
j;)lunon of the cubic by the solution of a related quadratic equation (in

). He thus found a way to lower the problem by “one degree” and ¢
move frvom the unfamiliar turf of cubics to the well-known realm (;
guadratlcs. This very clever process suggested a path to follow in att E
ing equations of the fourth, fifth, and higher degrees well -
~ Asa concrete example, Cardano solved his prototype (‘:ubic X+ 6x
= 20. Accordmgﬂ to his recipe, he first cubed a third of the coefficient of
gti(; get (4 X 6)* = 8; next he squared half of the constant term (that is

alf of 20) to get 100, and then added the 8, yielding a sum of 108 whos ’
square root he tock. To this he both added and subtracted half of th‘e
gonstant term, to get 10 + V108 and —10 + V108, and finally his sol X
tion was the difference of cube roots of these two n’umbers- YRR

3
x = V10 + /108 — V=10 + V108

Of course, we could simply substitute m = 6 and »

pertinent algebraic formula. This yields = 20 into _the

7 mt ‘
: ?+'2“'“.7‘= V108  and so

3
x = V10 + /108 — V=10 + V108

\;vh{tl:h 11 clearly a “solution by radicals.” It may come as a surprise—
e;&ry ¢ ec.ked b;{ a hand calculator—that this sophisticated-looking
pression is nothing more than the number “2 in disguise, as Cardano

y

| cubus . 6. rebus #qualis 2o,
1. ' 290,
8. A — e ] @4
108.
. 10§, p. 10,
B 103, m. 10.
B v.cl. 3. 108, b, 10,
R B V.l Re 108, M@, Lo,

Cardano’s Rule for the cubic, from 4rs Magna
(photograph courtesy of Johnson
_— Reprint Corporation)

correctly pointed out. One readily sees that x = 2 is indeed a solution
of x* + 6x = 20.

Further Topics on Solving Equations

Observe that, having found one solution 1o the cubic, we are now in a
position to find any others. For instance, since x = 2 solves the specific
equation above, we kKnow that x — 2 is one factor of & + 6x — 20, and
long division will generate the other, second-degree factor. In this case,
W+ 6x — 20 = (x— 2)(x* + 2x + 10). The solutions to the original
cubic thus arise from solving the linear and quadratic equations

x—2=0 and ¥ +2x+10=0

which is easily done. (This particular quadratic has no real solutions, so
the cubic has as its only real solution x = 2.

To the modern reader, the next two chapters of Ars Magna seem
superfluous. Cardano titled Chapter XI1 “On the Cube Equal to the First
Power and Number”—that is, x° = mx + n—and Chapter X111 was “On
the Cube and Number Equal to the First pPower’ —that is, x* + n = mx.
Today, we would regard these as having already been adequately cov-
ered by the formula above, for we would allow m and # to be negative.
Mathematiciaas in the sixteenth century, however, demanded that all
coefficients in the equation be positive. In other words, they regarded
-+ 6x = 20 and »* + 20 = 6x not just as different equations, but as
intrinsically different kinds of equations. Such squeamishness about
negative numbers is hardly surprising, given Cardano’s tendency to
think in terms of three-dimensional cubes, where sides of pegative
Jength make no sense. Of course, avoiding negatives led o a prolifera-
tion of cases and made Ars Magna considerably longer than we now find
necessary.

So, Cardano could solve the depressed cubic in any of its three ver-
sions. But what about the general third-degree equation of the form
ax® + bt + cx + d = 0? It was Cardano’'s great discovery that, by
means of a suitable substitution, this equation could be replaced by a
related, depressed cubic that was, of course, susceptible to his formula.
Before examining this “depressing’” process for the cubic, we might take
a quick look at it in 2 more familiar setting—as applied to solving qua-
dratic equations:

Suppose we begin with the general second-degree equation

al + bx+ c=0 where a # 0
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2
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(y 24) fb(y 2a)+c=0 which gives
_ b, ¥ ¥ |
a(J’Z ayﬂ“E)+by—~Zz+c=Q or
A v
ay — by + — - = =
.yz Y 4a+by za—f-c__o

Then, canceling the by terms, we get the depressed quadratic

v _ 7 _28 V¥ dac ¥ — 4dac
2a  4a ¢ g 44
da 4a 4da 4a
Hence
B — S
Jﬁ:—-{kaziac and. y=i_ b2_4a6
2a
Finally
Cx=y- L2 X VE —dac b —bt VF —4ac

2a 2a 2a 24

which is of course the quadratic formula once again.

useﬁ:}sl EIVI(I/?]; lfximple suggests, depressing polynomials can prove quite
usefu .H this in mind, we return to Cardano’s attack on the general
. Here, the key substitution is x = ¥ ~— b/3a, which yields sener

3
b b z
aly——| + _v b ‘
(Jf 362) b(y 561) ¢ (y 3@) +d=0

Upon expanding, this becomes

(aﬂ—wﬁrﬁ ——"’L)+(bj,z_2_f’_2y+£)

3a 274
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There is but one critical observation we need to make regarding this
blizzard of letters, namely, that the y* terms will cancel out. Thus, the
new cubic loses its second-degree term {(as desired). If we divide
through by 4, the resulting equation takes the form y* + py = q. We
solve this for y by Cardano’s formula and from there have no difficulty
in determining x = y — b/3a.

To see this process in action, consider the cubic

24 — 30x" 4+ 162x — 350 =0
with the substitution x = y — b/3a = y — (—30/6) = y + 5, we get

20y + 5 —30(y+ 5+ 162(y + 5) — 350 =0

which becomes
29 + 12y — 40 =0  orsimply ¥+ 6y =20

But this is, of course, the very depressed cubic we solved earlier, and so
we know that y = 2. Hence x = y + 5 = 7, and this checks in the
original equation.

Ars Magna did not handle the general cubic quite so concisely as we
did here. Instead, demanding only positive coeflicients, Cardano had to
wade through a string of different cases, such as “On the Cube, Square,
and First Power Equal to the Number,” “On the Cube Equal to the
Square, First Power, and Number,” “On the Cube and Number Equal to
the Square and First Power,” and so on. At last, 13 chapters after solving
the depressed cubic, he brought the matter to its conclusion. The cubic
had been solved.

Or had it? Although Cardano’s formula seemed to be an amazing tri-
umph, it introduced a major mystery. Consider, for instance, the

depressed cubic x* — 15x = 4.
Using m = —15 and # = 4 in the formula developed above, we get

x= ViE V121 — V—2+ V12l

Obviously, if negative numbers were suspect in the 1500s, their square
roots seemed absolutely preposterous, and it was easy to dismiss this as
an unsolvable cubic. Yet it can easily be checked that the cubic above
has three different and perfectly real sotutions: x = 4 and x = -2t
/3. What was Cardano to make of such a situation—the so-called “irre-
ducible case of the cubic”? He took a few half-hearted stabs at investi-



ﬁ?atiglg v;lilst we now call “imaginary” or “complex” numbers byt ultj
y a mxssed the whole enterprise as being i
ey ng “as subtle as ir is
It would be another i
oulc generation before Rafael i
. . atael Bombelil -
573), in his 1572 treatise Algebra, took the bold step of rega:rc(ifz;g };Z;Gg

journey. To mathematicians of the d i
o . . ay, this seemed incredibl
e shall examine briefly what Bombelij did. Temporarﬂyifiisst:;ff&-

@+ V-1 =8+ 12vV=1—6— 3
2+ 11V~1 =12+ V=121

Butif 2 + V—1)? = 2 + /= i
. ) + 121, then it surely makes sense to say

It

3
V2 + V=121 = 2 + V=1
Similarly, we can see that \ 2+ V-12T= -2 + 1. Th
vV A4 V —1. Then,

reexamini i '
ing the cubic & — 15% = 4, Bombelli arrived at the solutjon

®= V2T NI~ V3T
V—121
=Q@+VeD—(~2+ V=D =4

which is correct!

Admi y )
resmgéréltt;;liy,o r}lf’,orr;lb.elhs technique raised more questions than it
el éom o te) t ling, how does one know beforehand that 2 +
the ms B0 O§ 0 e the cube root of 2 + V—1217 11 would not be unti!
sore e of e elghteen.th century that Leonhard Euler could oj
echnique for finding roots of complex numbers. Furtherigri‘;iea

become evi i
evident until the work of Euler, Gauss, and Cauchy more than

to C i i

numl{l):;;?;egaioe.aSuIi, Bombelh deserves credit for recognizing that such

in (o> have a role to play in algebra, and he thereby stands as the last
the great Italian aigebraists of the sixteenth century i

o
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One point should be stressed here. Contrary to popular belief, imag-
inary numbers entered the realm of mathematics not as a tool for solving
quadratics but as a tool for solving cubics. Indeed, mathematicians
could easily dismiss V —121 when it appeared as a solution to x4+ 121
= 0 (for this equation clearly has no real solutions). But they could not
so easily ignore V/—121 when it played such a pivotal role in yielding
the solution x = 4 for the previous cubic. So it was cubics, not quadrat-
ics, that gave complex numbers their initial impetus and their now-
undisputed legitimacy.

We should make a final observation about Ars Magna. In Chapter
XXXIX, Cardano introduced the solution of the quartic with the words:

There is another rule, more noble than the preceding, It is Lodovico Fer-
rari’s, who gave it to me on my request. Through it we have all the solutions

for equations of the fourth power.

While the procedure is quite complicated, its two key steps should
ring a bell:

1. Beginning with a general quartic ax’ + bx® + cx* + dx + e = 0,
depress it using the substitution x = y — b/4a and then divide through
by «, to generate a depressed quartic in y:

V+my+ny=p

2. By cleverly introducing auxiliary variables, replace this quartic by
a related cubic, which then can be solved using the techniques devel-
oped above. Here again, Ferrari invoked the rule-of-thumb that the way
to solve an equation of a given degree is to reduce it to the solution of
an equation of one degree less. :

‘Those who were capable of reading through this, and all of the other
discoveries in Ars Magna, must have been breathless by the time they
finished. The art of equation solving had been taken to new heights, and
Luca Pacioli’s original assessment that cubics, let alone quartics, were
beyond the reach of algebra had been shattered. It is little wonder that
Cardano ended his book with the enthusiastic and rather touching state-
ment:“Written in five years, may it last as many thousands.”

Epilogue

One question that the Cardano-Ferrari work left unanswered was the
algebraic solution of the quintic, or fifth-degree, equation. Their efforts
certainly suggested that such a solution by radicals was possible and




